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so what is the black swan problem?

Degenerate
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Figure 1.3: The tableau of Fat tails, along the various classifications for convergence purposes (i.e., conver-
gence to the law of large numbers, etc.) See Embrechts et al [38]; We use in Chapter 5 the Radon-Nikodym
derivatives in the tail(s) to establish dominance in the hierarchy.

Model or Representation Error Approaching a problem with the wrong model, the right
model but with wrong parameters, or the wrong domain for the distribution (assuming
boundedness when the payoff is unbounded), etc. We show that, largely, the shape of the
model error can be captured by perturbating the scale of the distribution (the equivalent of
the variance) and seeing the sensitivity of the tail properties.

Study of Exposures The distinguising between concave and convex reaction to either the
random variable driving the risk, or the parameters of the model.

Inseparability Problem The idea that decisions and statistical properties should depend on
one another. It is foolish to take a decision under statistical opacity when exposed to left-tail
risk, though not otherwise.

Rational and PseudoRational Decision-Making Pseudorational decision-making is when
a researcher, typically a psychologist, pathologizes a decision or deems it nonrational while
using the wrong probability representation.

Contract Theory The modification of exposure by changing contractually the risk, rather
than focusing on unknown distributions.
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I. INTRODUCTION

Vilfredo Pareto noticed that 80% of the land in Italy
belonged to 20% of the population, and vice-versa, thus both
giving birth to the power law class of distributions and the
popular saying 80/20. The self-similarity at the core of the
property of power laws [1] and [2] allows us to recurse and
reapply the 80/20 to the remaining 20%, and so forth until one
obtains the result that the top percent of the population will
own about 53% of the total wealth.

It looks like such a measure of concentration can be
seriously biased, depending on how it is measured, so it is
very likely that the true ratio of concentration of what Pareto
observed, that is, the share of the top percentile, was closer
to 70%, hence changes year-on-year would drift higher to
converge to such a level from larger sample. In fact, as we
will show in this discussion, for, say wealth, more complete
samples resulting from technological progress, and also larger
population and economic growth will make such a measure
converge by increasing over time, for no other reason than
expansion in sample space or aggregate value.

The core of the problem is that, for the class one-tailed
fat-tailed random variables, that is, bounded on the left and
unbounded on the right, where the random variable X 2
[xmin,1), the in-sample quantile contribution is a biased
estimator of the true value of the actual quantile contribution.

Let us define the quantile contribution



q

= q

E[X|X > h(q)]

E[X]

where h(q) = inf{h 2 [x

min

,+1) ,P(X > h)  q} is the
exceedance threshold for the probability q.

For a given sample (X

k

)1kn

, its "natural" estimator b
q

⌘
q

thpercentile
total

, used in most academic studies, can be expressed,
as

b
q

⌘
P

n

i=1
Xi>ĥ(q)XiP
n

i=1 Xi

where ˆ

h(q) is the estimated exceedance threshold for the
probability q :

ˆ

h(q) = inf{h :

1

n

nX

i=1

x>h

 q}

We shall see that the observed variable b
q

is a downward
biased estimator of the true ratio 

q

, the one that would hold
out of sample, and such bias is in proportion to the fatness of
tails and, for very fat tailed distributions, remains significant,
even for very large samples.

II. ESTIMATION FOR UNMIXED PARETO-TAILED
DISTRIBUTIONS

Let X be a random variable belonging to the class of
distributions with a "power law" right tail, that is:

P(X > x) ⇠ L(x)x

�↵ (1)

where L : [xmin,+1) ! (0,+1) is a slowly varying
function, defined as lim

x!+1
L(kx)
L(x) = 1 for any k > 0.

There is little difference for small exceedance quantiles
(<50%) between the various possible distributions such as
Student’s t, Lévy ↵-stable, Dagum,[3],[4] Singh-Maddala dis-
tribution [5], or straight Pareto.

For exponents 1  ↵  2, as observed in [?], the law of
large numbers operates, though extremely slowly. The problem
is acute for ↵ around, but strictly above 1 and severe, as it
diverges, for ↵ = 1.

A. Bias and Convergence

1) Simple Pareto Distribution: Let us first consider �

↵

(x)

the density of a ↵-Pareto distribution bounded from below by
xmin > 0, in other words: �

↵

(x) = ↵x

↵

minx
�↵�1

x�xmin , and

1
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Simplest	
  Forms	
  

One-­‐Tailed	
  
•  1-­‐2	
  Parameter:	
  Minimum	
  

value,	
  tail	
  (Pareto	
  I)	
  
•  3	
  Parameters:	
  loca=on	
  m,	
  

scale	
  s,	
  tail	
  α	
  (Pareto	
  2-­‐
Lomax)	
  

•  4	
  Parameters:	
  Generalized	
  
Beta	
  2nd	
  kind	
  (includes	
  
many	
  known	
  distribu=ons	
  
such	
  as	
  Singh-­‐Maddala,	
  
etc.)	
  

Two	
  Tailed	
  
•  Student	
  T	
  distribu=on	
  

(finance	
  papers	
  galore)	
  
•  Lévy-­‐Stable	
  (to	
  which	
  all	
  

those	
  with	
  α<2	
  converge)	
  
•  Other	
  (double	
  Pareto,	
  etc.)	
  



Sample	
  Equivalence	
  
Dispersion	
  of	
  outcomes:	
  we	
  cannot	
  use	
  standard	
  devia=on	
  and	
  
other	
  tools	
  since	
  no	
  second	
  moment.	
  Only	
  MAD	
  ,	
  mean	
  absolute	
  
devia=on	
  of	
  the	
  mean	
  from	
  “true”	
  mean	
  (or	
  0).	
  

	
  Indexing	
  by	
  p	
  for	
  powerlaw	
  and	
  g	
  Gaussian:	
  

large numbers and clt in the real world (in progress)

stability of systems, pathology of people reacting to risks, etc. A surprising result: for the
case with equivalent tails to the "Pareto 80/20 rule" (a tail exponent α = 1.16) one needs 1011

more data than the Gaussian.
Take a certain sample size in the conventional Gaussian domain, say n = 30 or some

other such heuristically used number. Assuming we are confortable with such a number of
summands, how much larger (or smaller) n does one need for the same error under a different
process? And how do we define errors in the absence of standard deviation which might not
exist (power laws with exponents close to 2), or be too unreliable (power laws with exponents
> 2, that is finite variance but infinite kurtosis).

It is strange that given the dominant role of fat tails nobody thought of calculating some
practical equivalence table. How can people compare averages concerning street crime (very
thin tailed) to casualties from war (very fat tailed) without some sample adjustment?1

Perhaps the problem lies at the core of the law of large numbers: the average is not as
"visible" as other statistical dimentions; there is no sound statistical procedure to derive the
properties of a powerlaw tailed data by estimating the mean – typically estimation is done
by fitting the tail exponent (via, say, the Hill estimator or some other method), or dealing
with extrema, yet it remains that many articles make comparisons about the mean since it is
what descriptive statistics and, alas, decisions, are based on.

The LTCM Problem and LLN: The "Nobel" fund that blew up in 1998 from fragility
to Black Swan Events had some type of Pinker problem –although they understood
the difference between inference from data and anecdote, though didn’t carry the logic
all the way through. The fund was staffed with finance professors who used "very
sophisticated econometric techniques" to estimate risks. But the fund based its tail
probabilities on 10 years worth of dataa. So there are two mistakes we will cover here.

• The law of large numbers requires more data under fat tails.

• Tail probabilities (or, rather, tail partial expectations) require more data than the
regular uses of LLN under slightest degree of model uncertainty, even under thin
tails.

We will also cover mixed Poisson processes (had Merton used the logic of his own
fat-tailed model in [? ] for jump-diffusion, which in the case of a standard Poisson
becomes a special case of two Gaussian switching models.)

a I thank Terry Burnham for pointing out to me. The reference is in When Genius Failed ??.

7.1 the problem of matching errors
By the weak law of large numbers, consider a sum of random variables X1, X2,..., Xn inde-
pendent and identically distributed with finite mean m, that is E[Xi] < ∞, then 1

n ∑1≤i≤n Xi
converges to m in probability, as n→ ∞. And the idea is that we live with finite n.

1 The Pinker Problem A class of naive empiricism. It has been named so in reference to sloppy use of statistical
techniques in social science and policy making, based on a theory promoted by the science writer S. Pinker [102] about
the drop of violence that is based on such statistical fallacies since wars –unlike domestic violence –are fat tailed. But
this is a very general problem with the (irresponsible) mechanistic use of statistical methods in social science and
biology.
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Sum	
  of	
  all	
  powerlaw	
  r.v.	
  w/	
  exponent	
  
α<2	
  

Basin	
  of	
  convergence	
  (Generalized	
  CLT)	
  
7.3 class of stable distributions

7.3 class of stable distributions
Assume alpha-stable the class S of probability distribution that is closed under convolution:
S(α, β, µ, σ) represents the stable distribution with tail index α ∈ (0, 2], symmetry parameter
β ∈ [0, 1], location parameter µ ∈ R, and scale parameter σ ∈ R+. The Generalized Cen-
tral Limit Theorem gives sequences an and bn such that the distribution of the shifted and
rescaled sum Zn = (∑n

i Xi − an) /bn of n i.i.d. random variates Xi the distribution function of
which FX(x) has asymptotes 1− cx−α as x → +∞ and d(−x)−α as x → −∞ weakly converges
to the stable distribution

S(∧α,2, 0<α<2
c− d
c + d

, 0, 1).

We note that the characteristic functions are real for all symmetric distributions. [We also
note that the convergence is not clear across papers[138] but this doesn’t apply to symmetric
distributions.]

Note that the tail exponent α used in non stable cases is somewhat, but not fully, different
for α = 2, the Gaussian case where it ceases to be a powerlaw –the main difference is in the
asymptotic interpretation. But for convention we retain the same symbol as it corresponds
to tail exponent but use it differently in more general non-stable power law contexts.

The characteristic function Ψ(t) of a variable Xα with scale σ will be, using the expression
for α > 1, See Zolotarev[145], Samorodnitsky and Taqqu[113]:

Ψα = exp
(

iµt− |tσ|α
(

1− iβ tan
(πα

2

)
sgn(t)

))

which, for an n-summed variable (the equivalent of mixing with equal weights), becomes:

Ψα(t) = exp
(

iµnt−
∣∣∣n

1
α tσ
∣∣∣
α (

1− iβ tan
(πα

2

)
sgn(t)

))

7.3.1 Results
Let Xα ∈ S, be the centered variable with a mean of zero, Xα = (Yα − µ) . We write
E+

K(α, β, µ, σ, K) := E(Xα|Xα>K P(Xα > K)) under the stable distribution above. From Equa-
tion 7.2:

E+
K(α, β, µ, σ, K) =

1
2π

∫ ∞

−∞
ασα |u|α−2

(
1

+ iβ tan
(πα

2

)
sgn(u)

)
exp

(
|uσ|α

(
−1− iβ tan

(πα

2

)
sgn(u)

)
+ iKu

)
du

(7.3)

with explicit solution for K = µ = 0:

(7.4)E+
K(α, β, 0, σ, 0) = −σ

1
πα

Γ
(
− 1

α

)((
1 + iβ tan

(πα

2

))1/α
+
(

1− iβ tan
(πα

2

))1/α
)

.

and semi-explicit generalized form for K ̸= µ:

(7.5)E+
K(α, β, µ, σ, K) = σ

Γ
(

α−1
α

) ((
1 + iβ tan

(πα
2
))1/α +

(
1− iβ tan

(πα
2
))1/α

)

2π

+
∞

∑
k=1

ik(K − µ)kΓ
(

k+α−1
α

) (
β2 tan2 (πα

2
)

+ 1
) 1−k

α

(
(−1)k (1 + iβ tan

(
πα
2
)) k−1

α +
(
1− iβ tan

(
πα
2
)) k−1

α

)

2πσk−1k!

161



Deriva=ons	
  
•  Working	
  with	
  Fourier	
  Transforms,	
  we	
  are	
  able	
  to	
  derive	
  

par=al	
  expecta=on	
  above	
  K,	
  EK|X|(op=on-­‐like)	
  in	
  semi-­‐closed	
  
form.	
  For	
  MAD=	
  2	
  EK|X|,	
  K=0	
  or	
  K=μ:	
  

large numbers and clt in the real world (in progress)

Our formulation in Equation 7.5 generalizes and simplifies the commonly used one from
Wolfe [142] from which Hardin [65] got the explicit form, promoted in Samorodnitsky and
Taqqu [113] and Zolotarev[145]:

E(|X|) =
1
π

σ

(
2Γ
(

1− 1
α

)(
β2 tan2

(πα

2

)
+ 1
) 1

2α cos

(
tan−1 (β tan

(πα
2
))

α

))

Which allows us to prove the following statements:

Relative convergence The general case with β ̸= 0: for so and so, assuming so and so,
(precisions) etc.,

(7.6)nβ
α = 2

α
1−α π

α
2−2α

(
Γ
(

α − 1
α

)
√ng

((
1− iβ tan

(πα

2

)) 1
α +
(

1 + iβ tan
(πα

2

)) 1
α

))
α

α−1

with alternative expression:

nβ
α = π

α
2−2α

⎛

⎜⎜⎝

sec2 (πα
2
)− 1

2

/
α sec

(
tan−1(tan( πα

2 ))
α

)

√ng Γ
(

α−1
α

)

⎞

⎟⎟⎠

α
1−α

(7.7)

Which in the symmetric case β = 0 reduces to:

nα = π
α

2(1−α)

⎛

⎝ 1
√ng Γ

(
α−1

α

)

⎞

⎠

α
1−α

(7.8)

Speed of convergence ∀k ∈ N+ and α ∈ (1, 2]

E

(∣∣∣∣∣

knα

∑
Xα

i −mα

nα

∣∣∣∣∣

)
/E

(∣∣∣∣∣

nα

∑
Xα

i −mα

nα

∣∣∣∣∣

)
= k

1
α−1 (7.9)

Table 7.1 shows the equivalence of summands between processes.
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Figure 7.3: Asymmetries and
Mean Deviation.
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Sample	
  size	
  	
  
n	
  equivalent	
  

	
  
Pareto’s	
  “80/20”	
  
gives	
  α≈1.16	
  

7.3 class of stable distributions

Table 7.1: Corresponding nα, or how many for equivalent α-stable distribution. The Gaussian case is the
α = 2. For the case with equivalent tails to the 80/20 one needs 1011 more data than the Gaussian.

α nα nβ=± 1
2

α nβ=±1
α

1 Fughedaboudit - -

9
8 6.09× 1012 2.8× 1013 1.86× 1014

5
4 574,634 895,952 1.88× 106

11
8 5,027 6,002 8,632

3
2 567 613 737

13
8 165 171 186

7
4 75 77 79

15
8 44 44 44

2 30. 30 30

1.4 1.6 1.8 2.0
�

50

100

150

200

250

300

350

�2 ��

��2

Figure 7.4: Mixing distribu-
tions: the effect is pro-
nounced at lower values of
α, as tail uncertainty creates
more fat-tailedness.

Remark 7.1.
The ratio mean deviation of distributions in S is homogeneous of degree k

1
. α−1. This is not the case

for other classes "nonstable".

163



Speed	
  of	
  convergence	
  

large numbers and clt in the real world (in progress)

Our formulation in Equation 7.5 generalizes and simplifies the commonly used one from
Wolfe [142] from which Hardin [65] got the explicit form, promoted in Samorodnitsky and
Taqqu [113] and Zolotarev[145]:

E(|X|) =
1
π

σ

(
2Γ
(

1− 1
α

)(
β2 tan2

(πα

2

)
+ 1
) 1

2α cos

(
tan−1 (β tan

(πα
2
))

α

))

Which allows us to prove the following statements:

Relative convergence The general case with β ̸= 0: for so and so, assuming so and so,
(precisions) etc.,

(7.6)nβ
α = 2

α
1−α π

α
2−2α

(
Γ
(

α − 1
α

)
√ng

((
1− iβ tan

(πα

2

)) 1
α +
(

1 + iβ tan
(πα

2

)) 1
α

))
α

α−1

with alternative expression:

nβ
α = π

α
2−2α

⎛

⎜⎜⎝
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2
)− 1

2

/
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(
tan−1(tan( πα

2 ))
α

)

√ng Γ
(

α−1
α

)

⎞

⎟⎟⎠

α
1−α

(7.7)

Which in the symmetric case β = 0 reduces to:

nα = π
α

2(1−α)

⎛

⎝ 1
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(
α−1

α

)

⎞

⎠
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1−α

(7.8)
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1
α−1 (7.9)

Table 7.1 shows the equivalence of summands between processes.
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Back	
  door	
  working	
  
•  Sample	
  mean	
  (“realized	
  a	
  average”	
  in	
  language	
  of	
  finance)	
  is	
  

never	
  Gaussian	
  when	
  α<2	
  (even	
  when	
  >2,	
  another	
  story	
  on	
  
CLT	
  (next	
  chapter	
  in	
  Silent	
  Risk))	
  

•  Tail	
  α	
  can	
  be	
  es=mated	
  with	
  MLE	
  
•  Tail	
  α	
  from	
  MLE	
  is	
  asympto=cally	
  Gaussian	
  (preasympto=cally	
  

Lognormal	
  with	
  low	
  variance	
  reaches	
  v.	
  quickly)	
  
•  We	
  can	
  fit	
  GPD	
  or	
  EVD	
  with	
  same	
  tail	
  exponent	
  α,	
  further	
  

reducing	
  variance.	
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In this case, from the Pareto-Lomax selected:

f(xr) =
↵
��L+�+xr

�

��↵�1

�
, xr 2 [L,1) (3)

g(x) =

↵H

✓

��H log

(

H�x
H�L )

�

◆�↵�1

�(H � x)
, x 2 [L,H],

which verifies
RH

L
x g(x) dx = 1. Hence the expectation

Eg(x;L,H,�,↵) =

Z H

L

x g(x) dx, (4)

Eg(X;L,H,�,↵) = ↵H

 

1

↵
�

(H � L)e�/HE↵+1

�

�
H

�

H

!

(5)
where E.(.) is the exponential integral Enz =

R1
1

et(�z)

tn dt.

Note that we rely on the invariance property:

Remark 1. If ˆ✓ is the maximum likelihood estimator (MLE)
of ✓, then for an absolutely continuous function �, �(ˆ✓) is the
MLE estimator of �(✓).

For proofs and further exposition see [12].

B. Expectation by Conditioning (less rigorous)

We would be replacing a smooth function in C1 by a
Heaviside step function, that is the indicator function : R !
{0, 1}, written as X2[L,H]

:

E( X2[L,H]

) =

RH

L
x f(x) dx

RH

L
f(x) dx

which for the Pareto Lomax becomes:

E( X2[L,H]

) =

↵�↵
(H�L)

�↵�(H�L+�)↵ + (↵� 1)L+ �

↵� 1

(6)

C. Reliability of data and effect on tail estimates

Data from violence is largely anecdotal, spreading via cita-
tions, often based on some vague estimate, without anyone’s
ability to verify the assessments using period sources. An
event that took place in the seventh century, such as the an
Lushan rebellion, is "estimated" to have killed 26 million
people, with no precise or reliable methodology to allow us
to trust the number. The independence war of Algeria has
various estimates, some from France, others from the rebels,
and nothing scientifically or professionally obtained.

As said earlier, in this paper, we use different data: raw
data, naively rescaled data w.r.t. the current world population,
and log-rescaled data to avoid the theoretical problem of the
upper bound.

For some observations, together with the estimated number
of casualties, as resulting from historical sources, we also have

a lower and upper bound available. Let Xt be the number of
casualties in a given conflict at time t. In principle, we can
define triplets like

• {Xt, X
l
t , X

u
t } for the actual estimates (raw data), where

X l
t and Xu

t represent the lower and upper bound, if
available.

• {Yt = Xt
P20015

Pt
, Y l

t = X l
t
P20015

Pt
, Y u

t = Xu
t

P20015
Pt

}
for the naively rescaled data, where P

2015

is the world
population in 2015 and Pt is the population at time
t = 1, ..., 2014.

• {Zt = '(Yt), Z
l
t = '(Y l

t ), Z
u
t = '(Y u

t )} for the log-
rescaled data.

To prevent possible criticism about the use of middle estimates,
when bounds are present, we have decided to use the following
Monte Carlo procedure (for more details [5]), obtaining no
significant different in the estimates of all the quantities of
interest (like the tail exponent ↵ = 1/⇠):

1) For each event X for which bounds are present, we have
assumed casualties to be uniformly distributed between
the lower and the upper bound, i.e. X ⇠ U(X l, Xu

).
The choice of the uniform distribution is to keep things
simple. All other bounded distributions would in fact
generate the same results in the limit, thanks to the central
limit theorem.

2) We have then generated a large number of Monte Carlo
replications, and in each replication we have assigned a
random value to each event X according to U(X l, Xu

).
3) For each replication we have computed the statistics of

interest, typically the tail exponent, obtaining values that
we have later averaged.

This procedure has shown that the precision of estimates
does not affect the tail of the distribution of casualties, as the
tail exponent is rather stable.

For those events for which no bound is given, the options
were to use them as they are, or to perturb them by creating
fictitious bounds around them (and then treat them as the
other bounded ones in the Monte Carlo replications). We have
chosen the second approach.

The above also applies to Yt and Zt.

Note that the tail ↵ derived from an average is different
from an average alpha across different estimates, which is the
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4) Difference between sample mean and maximum like-
lihood mean: : Table I shows the true mean using the
parametrization of the Pareto distribution above and inverting
the transformation back to compact support. "True" or maxi-
mum likelihood, or "statistical" mean is between 3 and 4 times
observed mean.

This means the "journalistic" observation of the mean, aside
from the conceptual mistake of relying on sample mean, un-
derestimates the true mean by at least 3 times and higher future
observations would not allow the conlusion that violence has
"risen".

TABLE I
SAMPLE MEANS AND ESTIMATED MAXIMUM LIKELIHOOD MEAN ACROSS

MINIMUM VALUES L –RESCALED DATA.

L Sample Mean ML Mean Ratio

10K 9.079⇥ 10

6

3.11⇥ 10

7 3.43
25K 9.82⇥ 10

6

3.62⇥ 10

7 3.69
50K 1.12⇥ 10

7

4.11⇥ 10

7 3.67
100K 1.34⇥ 10

7

4.74⇥ 10

7 3.53
200K 1.66⇥ 10

7

6.31⇥ 10

7 3.79
500K 2.48⇥ 10

7

8.26⇥ 10

7 3.31

B. Conclusion

History as seen from tail analysis is far more risky, and con-
flicts far more violent than acknowledged by naive observation
of behavior of averages in historical time series.

TABLE II
AVERAGE INTER-ARRIVAL TIMES AND THEIR MEAN ABSOLUTE

DEVIATION FOR EVENTS WITH MORE THAN 1, 2, 5 AND 10 MILLION
CASUALTIES, USING ACTUAL ESTIMATES.

Threshold Average MAD

1 26.71 31.66
2 42.19 47.31
5 57.74 68.60
10 101.58 144.47

TABLE III
AVERAGE INTER-ARRIVAL TIMES AND THEIR MEAN ABSOLUTE

DEVIATION FOR EVENTS WITH MORE THAN 1, 2, 5, 10, 20, AND 50
MILLION CASUALTIES, USING RESCALED AMOUNTS.

Threshold Average MAD

1 11.27 12.59
2 16.84 18.13
5 26.31 27.29
10 37.39 41.30
20 48.47 52.14
50 67.88 78.57

TABLE IV
ESTIMATES (AND STANDARD ERRORS) OF THE GENERALIZED PARETO

DISTRIBUTION PARAMETERS FOR CASUALTIES OVER A 50K THRESHOLD.
FOR BOTH ACTUAL AND RESCALED CASUALTIES, WE ALSO PROVIDE THE

NUMBER OF EVENTS LYING ABOVE THE THRESHOLD (THE TOTAL NUMBER
OF EVENTS IN OUR DATA IS 99).

Data Nr. Excesses ⇠ �
Raw Data 307 1.5886 3.6254

(0.1467) (0.8191)
Naive Rescaling 524 1.8718 14.3254

(0.1259) (2.1111)
Log-rescaling 524 1.8717 14.3261

(0.1277) (2.1422)

III. METHODOLOGICAL DISCUSSION

A. Rescaling method

We remove the compact support to be able to use power
laws as follows (see Taleb(2015) [12]). Using Xt as the r.v.
for number of incidences from conflict at times t, consider first
a naive rescaling of X 0

t =

Xt

Ht
, where Ht is the total human

population at period t. See appendix for methods of estimation
of Ht.

Next, with today’s maximum population H and L the
naively rescaled minimum for our definition of conflict, we
introduce a smooth rescaling function ' : [L,H] ! [L,1)

satisfying:

i ' is "smooth": ' 2 C1,
ii '�1

(1) = H,

iii '�1

(L) = '(L) = L.

In particular, we choose:

'(x) = L�H log

✓

H � x

H � L

◆

. (1)

We can perform appropriate analytics on xr = '(x) given
that it is unbounded, and properly fit power law exponents.
Then we can rescale back for the properties of X . Also notice
that the '(x) ⇡ x for very large values of H . This means
that for a very large upper bound, the results we will get for
x and '(x) will be essentially the same. The big difference
is only from a philosophical/methodological point of view, in
the sense that we remove the upper bound (unlikely to be
reached).

In what follows we will use the naively rescaled casualties
as input for the '(·) function.

We pick H = Pt0 for the exercise.
The distribution of x can be rederived as follows from the

distribution of xr:
Z 1

L

f(xr) dxr =

Z '�1
(1)

L

g(x) dx, (2)

where '�1

(u) = (L�H)e
L�u
H

+H
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The distribution of x can be rederived as follows from the distribution of X′:
∫ ∞

L
f (x′) dx′ =

∫ ϕ−1(∞)

L
g(x) dx, (I.3)

where ϕ−1(u) = (L− H)e
L−u

H + H.
We were surprised to discover that:

• "infinite mean" is not at the boundary H as we expected.

• one can actually get the kurtosis to see how unreliable the standard deviation. But
mean deviation remains –sort of – reliable.

Let us see how the moments behave when they are "infinite" with the simplest example.

f

g
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Figure I.1: Loglogplot
comparison of f and g,
showing smooth-pasting
style boundary around
H.
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α < 1. We get the
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52.4, 169, 537, respec-
tively, with α = 1
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In this case, from the Pareto-Lomax selected:

f(xr) =
↵
��L+�+xr

�

��↵�1

�
, xr 2 [L,1) (3)

g(x) =

↵H

✓

��H log

(

H�x
H�L )

�

◆�↵�1

�(H � x)
, x 2 [L,H],

which verifies
RH

L
x g(x) dx = 1. Hence the expectation

Eg(x;L,H,�,↵) =

Z H

L

x g(x) dx, (4)

Eg(X;L,H,�,↵) = ↵H

 

1

↵
�

(H � L)e�/HE↵+1

�

�
H

�

H

!

(5)
where E.(.) is the exponential integral Enz =

R1
1

et(�z)

tn dt.

Note that we rely on the invariance property:

Remark 1. If ˆ✓ is the maximum likelihood estimator (MLE)
of ✓, then for an absolutely continuous function �, �(ˆ✓) is the
MLE estimator of �(✓).

For proofs and further exposition see [12].

B. Expectation by Conditioning (less rigorous)

We would be replacing a smooth function in C1 by a
Heaviside step function, that is the indicator function : R !
{0, 1}, written as X2[L,H]

:

E( X2[L,H]

) =

RH

L
x f(x) dx

RH

L
f(x) dx

which for the Pareto Lomax becomes:

E( X2[L,H]

) =

↵�↵
(H�L)

�↵�(H�L+�)↵ + (↵� 1)L+ �

↵� 1

(6)

C. Reliability of data and effect on tail estimates

Data from violence is largely anecdotal, spreading via cita-
tions, often based on some vague estimate, without anyone’s
ability to verify the assessments using period sources. An
event that took place in the seventh century, such as the an
Lushan rebellion, is "estimated" to have killed 26 million
people, with no precise or reliable methodology to allow us
to trust the number. The independence war of Algeria has
various estimates, some from France, others from the rebels,
and nothing scientifically or professionally obtained.

As said earlier, in this paper, we use different data: raw
data, naively rescaled data w.r.t. the current world population,
and log-rescaled data to avoid the theoretical problem of the
upper bound.

For some observations, together with the estimated number
of casualties, as resulting from historical sources, we also have

a lower and upper bound available. Let Xt be the number of
casualties in a given conflict at time t. In principle, we can
define triplets like

• {Xt, X
l
t , X

u
t } for the actual estimates (raw data), where

X l
t and Xu

t represent the lower and upper bound, if
available.

• {Yt = Xt
P20015

Pt
, Y l

t = X l
t
P20015

Pt
, Y u

t = Xu
t

P20015
Pt

}
for the naively rescaled data, where P

2015

is the world
population in 2015 and Pt is the population at time
t = 1, ..., 2014.

• {Zt = '(Yt), Z
l
t = '(Y l

t ), Z
u
t = '(Y u

t )} for the log-
rescaled data.

To prevent possible criticism about the use of middle estimates,
when bounds are present, we have decided to use the following
Monte Carlo procedure (for more details [5]), obtaining no
significant different in the estimates of all the quantities of
interest (like the tail exponent ↵ = 1/⇠):

1) For each event X for which bounds are present, we have
assumed casualties to be uniformly distributed between
the lower and the upper bound, i.e. X ⇠ U(X l, Xu

).
The choice of the uniform distribution is to keep things
simple. All other bounded distributions would in fact
generate the same results in the limit, thanks to the central
limit theorem.

2) We have then generated a large number of Monte Carlo
replications, and in each replication we have assigned a
random value to each event X according to U(X l, Xu

).
3) For each replication we have computed the statistics of

interest, typically the tail exponent, obtaining values that
we have later averaged.

This procedure has shown that the precision of estimates
does not affect the tail of the distribution of casualties, as the
tail exponent is rather stable.

For those events for which no bound is given, the options
were to use them as they are, or to perturb them by creating
fictitious bounds around them (and then treat them as the
other bounded ones in the Monte Carlo replications). We have
chosen the second approach.

The above also applies to Yt and Zt.

Note that the tail ↵ derived from an average is different
from an average alpha across different estimates, which is the
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actual casualties (for rescaled casualties we can consider the
An Lushan rebellion); in this case the possible waiting time
is even longer.

C. Tail analysis

Given that the POT assumptions about the Poisson process
seem to be confirmed by data, it is finally the time to fit a
Generalized Pareto Distribution to the exceedances.

Consider a random variable X with df F , and call Fu the
conditional df of X above a given threshold u. We can then
define a r.v. Y , representing the rescaled excesses of X over
the threshold u, getting [2]

Fu(y) = P (X � u  y|X > u) =
F (u+ y)� F (u)

1� F (u)

for 0  y  xF � u, where xF is the right endpoint of the
underlying distribution F . Pickands [7], Balkema and de Haan
[8], [9] and [10] showed that for a large class of underlying
distribution functions F (following in the so-called domain of
attraction of the GEV distribution [2]), and a large u, Fu can be
approximated by a Generalized Pareto distribution: Fu(y) !
G(y), as u ! 1 where

G(y) =

8

<

:

1� (1 + ⇠y/�)�1/⇠ if ⇠ 6= 0

1� e�y/� if ⇠ = 0.
. (7)

It can be shown that the GPD distribution is a distribution
interpolating between the exponential distribution (for ⇠ = 0)
and a class of Pareto distributions. We refer to [2] for more
details.

The parameters in (7) can be estimated using methods like
maximum likelihood or probability weighted moments [2].
The goodness of fit can then be tested using bootstrap-based
tests [6].

Table IV contains our mle estimates for actual and rescaled
casualties above a 50k victims threshold. This threshold is in
fact the one providing the best compromise between goodness
of fit and a sufficient number of observation, so that standard
errors are reliable. The actual and both the rescaled data
show two different sets of estimates, but their interpretation
is strongly consistent. For this reason we just focus on actual
casualties for the discussion.

The parameter ⇠ is the most important for us: it is the
parameter governing the fatness of the right tail. A ⇠ greater
than 1 (we have 1.5886) signifies that no moment is defined for
our Generalized Pareto: a very fat-tailed situation. Naturally,
in the sample, we can compute all the moments we are
interested in, but from a theoretical point of view they are
completely unreliable and their interpretation is extremely
flawed (a very common error though). According to our fitting,
very catastrophic events are not at all improbable. It is worth
noticing that the estimates is significant, given that its standard
error is 0.1467.

Figures 9 and 10 compare our fittings to actual data. In both
figures it is possible to see the goodness of the GPD fitting
for most of the observations above the 50k victims threshold.
Some problems arise for the very large events, like WW2 and
the An Lushan rebellion 10. In this case it appears that our
fitting expects larger events to have happened. This is a well-
known problem for extreme data [2]. The very large event
could just be behind the corner.

Similarly, events with 5 to 10 million victims (not at all
minor ones!) seem to be slightly more frequent than what is
expected by our GPD fitting. This is another signal of the
extreme character of war casualties, which does not allow for
the extrapolation of simplistic trends.

Fig. 9. GPD tail fitting to actual casualties’ data (in 10k). Parameters as per
Table IV, first line.

Fig. 10. GPD cumulative distribution fitting to actual casualties’ data (in
10k). Parameters as per Table IV, first line.

D. An alternative view on maxima

Another method is the block-maxima approach of extreme
value theory. In this approach data are divided into blocks,
and within each block only the maximum value is taken into
consideration. The Fisher-Tippet theorem [2] then guarantees
that the normalized maxima converge in distribution to a
Generalized Extreme Value Distribution, or GEV.

GEV (x; ⇠) =

8

<

:

exp

⇣

�(1 + ⇠x)�
1
⇠

⌘

⇠ 6= 0

exp (� exp(�x)) ⇠ = 0

, 1 + ⇠x > 0

10If we remove the two largest events from the data, the GPD hypothesis
cannot be rejected at the 5% significance level.
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4) Difference between sample mean and maximum like-
lihood mean: : Table I shows the true mean using the
parametrization of the Pareto distribution above and inverting
the transformation back to compact support. "True" or maxi-
mum likelihood, or "statistical" mean is between 3 and 4 times
observed mean.

This means the "journalistic" observation of the mean, aside
from the conceptual mistake of relying on sample mean, un-
derestimates the true mean by at least 3 times and higher future
observations would not allow the conlusion that violence has
"risen".

TABLE I
SAMPLE MEANS AND ESTIMATED MAXIMUM LIKELIHOOD MEAN ACROSS

MINIMUM VALUES L –RESCALED DATA.

L Sample Mean ML Mean Ratio

10K 9.079⇥ 10

6

3.11⇥ 10

7 3.43
25K 9.82⇥ 10

6

3.62⇥ 10

7 3.69
50K 1.12⇥ 10

7

4.11⇥ 10

7 3.67
100K 1.34⇥ 10

7

4.74⇥ 10

7 3.53
200K 1.66⇥ 10

7

6.31⇥ 10

7 3.79
500K 2.48⇥ 10

7

8.26⇥ 10

7 3.31

B. Conclusion

History as seen from tail analysis is far more risky, and con-
flicts far more violent than acknowledged by naive observation
of behavior of averages in historical time series.

TABLE II
AVERAGE INTER-ARRIVAL TIMES AND THEIR MEAN ABSOLUTE

DEVIATION FOR EVENTS WITH MORE THAN 1, 2, 5 AND 10 MILLION
CASUALTIES, USING ACTUAL ESTIMATES.

Threshold Average MAD

1 26.71 31.66
2 42.19 47.31
5 57.74 68.60
10 101.58 144.47

TABLE III
AVERAGE INTER-ARRIVAL TIMES AND THEIR MEAN ABSOLUTE

DEVIATION FOR EVENTS WITH MORE THAN 1, 2, 5, 10, 20, AND 50
MILLION CASUALTIES, USING RESCALED AMOUNTS.

Threshold Average MAD

1 11.27 12.59
2 16.84 18.13
5 26.31 27.29
10 37.39 41.30
20 48.47 52.14
50 67.88 78.57

TABLE IV
ESTIMATES (AND STANDARD ERRORS) OF THE GENERALIZED PARETO

DISTRIBUTION PARAMETERS FOR CASUALTIES OVER A 50K THRESHOLD.
FOR BOTH ACTUAL AND RESCALED CASUALTIES, WE ALSO PROVIDE THE

NUMBER OF EVENTS LYING ABOVE THE THRESHOLD (THE TOTAL NUMBER
OF EVENTS IN OUR DATA IS 99).

Data Nr. Excesses ⇠ �
Raw Data 307 1.5886 3.6254

(0.1467) (0.8191)
Naive Rescaling 524 1.8718 14.3254

(0.1259) (2.1111)
Log-rescaling 524 1.8717 14.3261

(0.1277) (2.1422)

III. METHODOLOGICAL DISCUSSION

A. Rescaling method

We remove the compact support to be able to use power
laws as follows (see Taleb(2015) [12]). Using Xt as the r.v.
for number of incidences from conflict at times t, consider first
a naive rescaling of X 0

t =

Xt

Ht
, where Ht is the total human

population at period t. See appendix for methods of estimation
of Ht.

Next, with today’s maximum population H and L the
naively rescaled minimum for our definition of conflict, we
introduce a smooth rescaling function ' : [L,H] ! [L,1)

satisfying:

i ' is "smooth": ' 2 C1,
ii '�1

(1) = H,

iii '�1

(L) = '(L) = L.

In particular, we choose:

'(x) = L�H log

✓

H � x

H � L

◆

. (1)

We can perform appropriate analytics on xr = '(x) given
that it is unbounded, and properly fit power law exponents.
Then we can rescale back for the properties of X . Also notice
that the '(x) ⇡ x for very large values of H . This means
that for a very large upper bound, the results we will get for
x and '(x) will be essentially the same. The big difference
is only from a philosophical/methodological point of view, in
the sense that we remove the upper bound (unlikely to be
reached).

In what follows we will use the naively rescaled casualties
as input for the '(·) function.

We pick H = Pt0 for the exercise.
The distribution of x can be rederived as follows from the

distribution of xr:
Z 1

L

f(xr) dxr =

Z '�1
(1)

L

g(x) dx, (2)

where '�1

(u) = (L�H)e
L�u
H

+H
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  Mean	
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Fig. 4. Rescaled death toll of armed conflict and regimes over time. Data
are rescaled w.r.t. today’s world population. Conflicts lasting more than 25
years are disaggregated into two or more conflicts, each one lasting 25 years.

Sample ("journalistic")
Mean

Max Likelihood Mean

Range of �

0.40 0.45 0.50 0.55 0.60 0.65 0.70
�

1×107

2×107

3×107

4×107

5×107

6×107

7×107
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Mean

Fig. 5. Observed "journalistic" mean compared to MLE mean (derived from
rescaling back the data to compact support) for different values of ↵ (hence
for permutations of the pair (�

↵

,↵)). The "range of ↵ is the one we get from
possible variations of the data from bootstrap and reliability simulations.

correspond to ⇡ 5k in the 18

th C.). Contrary to current
discussions, all statistical pictures thus obtained show that 1)
the risk of violent conflict has not been decreasing, but is rather
underestimated by techniques relying on naive year-on-year
changes in the mean, or using sample mean as an estimator
of the true mean of an extremely fat-tailed phenomenon;
2) armed conflicts have memoryless inter-arrival times, thus
incompatible with the idea of a time trend. Our analysis uses
1) raw data, as recorded and estimated by historians; 2) a naive
transformation, used by certain historians and sociologists,
which rescales past conflicts and casualties with respect to the
actual population; 3) more importantly, a log transformation to
account for the fact that the number of casualties in a conflict
cannot be larger than the world population. (This is similar
to the transformation of data into log-returns in mathematical
finance in order to use distributions with support on the real
line.)

All in all, among the different classes of data (raw and
rescaled), we observe that 1) casualties are power law dis-
tributed.2 In the case of log-rescaled data we observe .4  ↵ 
.7, thus indicating an extremely fat-tailed phenomenon with
an undefined mean (a result that is robustly obtained); 2) the
inter-arrival times of conflicts above the 50k threshold follow a
homogeneous Poisson process, indicating no particular trend,
and therefore contradicting a popular narrative about the
decline of violence; 3) the true mean to be expected in the
future, and the most compatible with the data, though highly
stochastic, is ⇡ 3⇥ higher than past mean.

Further, we explain: 1) how the mean (in terms of expected
casualties) is severely underestimated by conventional data
analyses as the observed mean is not an estimator of true mean
(unlike tail exponent that provide a picture with smaller noise);
2) how misconceptions arise from the deceiving lengthy (and
volatile) inter-arrival times between large conflicts.

To remedy the inaccuracies of historical numerical as-
sessments, we provide a standard bootstrap analysis of our
estimates, in addition to Monte Carlo checks for unreliability
of wars and absence of events from currently recorded history.

II. SUMMARY STATISTICAL DISCUSSION

A. Results

1) Paretan tails: Peak-Over-Threshold methods show (both
raw and rescaled variables) exhibit strong Paretan tail behavior,
with survival probability P (X > x) ⇠ �(x)x�↵, where � :

[L,+1) ! (0,+1) is a slowly varying function, defined as
limx!+1

�(kx)
�(x) = 1 for any k > 0.

We parametrize G(.), a Generalized Pareto Distribution
(GPD) , see Table IV, G(x) = 1 � (1 + ⇠y/�)�1/⇠ , with
⇠ ⇡ 1.88,±.14 for rescaled data which corresponds to a tail
↵ =

1

⇠ = .53,±.04.
2) Memorylessness of onset of conflicts: Tables II and III

show inter-arrival times, meaning one can wait more than a
hundred years for an event such as WWII without changing
one’s expectation. There is no visible autocorrelation, no
statistically detectable temporal structure (i.e. we cannot see
the imprint of a self-exciting process), see Figure 8.

3) Full distribution(s): Rescaled data fits a Lomax-Style
distribution with same tail as obtained by POT, with strong
goodness of fit. For events with casualties > L =

10K, 25K, 50K, etc. we fit different Pareto II (Lomax) distri-
butions with corresponding tail ↵ (fit from GPD), with scale

� = 84, 360, i.e., with density
↵
(

�L+�+x
� )

�↵�1

� , x � L.
We also consider a wider array of statistical "pictures" from

pairs ↵,�↵ across the data from potential alternative values of
↵, with recalibration of maximum likelihood �, see Figure 5.

2Many earlier studies have found Paretianity in data, [14],[13]. Our study,
aside from the use of extreme value techniques, reliability bootstraps, and
compact support transformations, varies in both calibrations and interpretation.
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I. INTRODUCTION

Vilfredo Pareto noticed that 80% of the land in Italy
belonged to 20% of the population, and vice-versa, thus both
giving birth to the power law class of distributions and the
popular saying 80/20. The self-similarity at the core of the
property of power laws [1] and [2] allows us to recurse and
reapply the 80/20 to the remaining 20%, and so forth until one
obtains the result that the top percent of the population will
own about 53% of the total wealth.

It looks like such a measure of concentration can be
seriously biased, depending on how it is measured, so it is
very likely that the true ratio of concentration of what Pareto
observed, that is, the share of the top percentile, was closer
to 70%, hence changes year-on-year would drift higher to
converge to such a level from larger sample. In fact, as we
will show in this discussion, for, say wealth, more complete
samples resulting from technological progress, and also larger
population and economic growth will make such a measure
converge by increasing over time, for no other reason than
expansion in sample space or aggregate value.

The core of the problem is that, for the class one-tailed
fat-tailed random variables, that is, bounded on the left and
unbounded on the right, where the random variable X 2
[xmin,1), the in-sample quantile contribution is a biased
estimator of the true value of the actual quantile contribution.

Let us define the quantile contribution



q

= q

E[X|X > h(q)]

E[X]

where h(q) = inf{h 2 [x

min

,+1) ,P(X > h)  q} is the
exceedance threshold for the probability q.

For a given sample (X

k

)1kn

, its "natural" estimator b
q

⌘
q

thpercentile
total

, used in most academic studies, can be expressed,
as

b
q

⌘
P

n

i=1
Xi>ĥ(q)XiP
n

i=1 Xi

where ˆ

h(q) is the estimated exceedance threshold for the
probability q :

ˆ

h(q) = inf{h :

1

n

nX

i=1

x>h

 q}

We shall see that the observed variable b
q

is a downward
biased estimator of the true ratio 

q

, the one that would hold
out of sample, and such bias is in proportion to the fatness of
tails and, for very fat tailed distributions, remains significant,
even for very large samples.

II. ESTIMATION FOR UNMIXED PARETO-TAILED
DISTRIBUTIONS

Let X be a random variable belonging to the class of
distributions with a "power law" right tail, that is:

P(X > x) ⇠ L(x)x

�↵ (1)

where L : [xmin,+1) ! (0,+1) is a slowly varying
function, defined as lim

x!+1
L(kx)
L(x) = 1 for any k > 0.

There is little difference for small exceedance quantiles
(<50%) between the various possible distributions such as
Student’s t, Lévy ↵-stable, Dagum,[3],[4] Singh-Maddala dis-
tribution [5], or straight Pareto.

For exponents 1  ↵  2, as observed in [?], the law of
large numbers operates, though extremely slowly. The problem
is acute for ↵ around, but strictly above 1 and severe, as it
diverges, for ↵ = 1.

A. Bias and Convergence

1) Simple Pareto Distribution: Let us first consider �

↵

(x)

the density of a ↵-Pareto distribution bounded from below by
xmin > 0, in other words: �

↵

(x) = ↵x

↵

minx
�↵�1

x�xmin , and

1
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I. INTRODUCTION
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giving birth to the power law class of distributions and the
popular saying 80/20. The self-similarity at the core of the
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obtains the result that the top percent of the population will
own about 53% of the total wealth.

It looks like such a measure of concentration can be
seriously biased, depending on how it is measured, so it is
very likely that the true ratio of concentration of what Pareto
observed, that is, the share of the top percentile, was closer
to 70%, hence changes year-on-year would drift higher to
converge to such a level from larger sample. In fact, as we
will show in this discussion, for, say wealth, more complete
samples resulting from technological progress, and also larger
population and economic growth will make such a measure
converge by increasing over time, for no other reason than
expansion in sample space or aggregate value.

The core of the problem is that, for the class one-tailed
fat-tailed random variables, that is, bounded on the left and
unbounded on the right, where the random variable X 2
[xmin,1), the in-sample quantile contribution is a biased
estimator of the true value of the actual quantile contribution.

Let us define the quantile contribution


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E[X|X > h(q)]
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where h(q) = inf{h 2 [x

min
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exceedance threshold for the probability q.

For a given sample (X
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h(q) is the estimated exceedance threshold for the
probability q :

ˆ

h(q) = inf{h :

1

n
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x>h

 q}

We shall see that the observed variable b
q

is a downward
biased estimator of the true ratio 

q

, the one that would hold
out of sample, and such bias is in proportion to the fatness of
tails and, for very fat tailed distributions, remains significant,
even for very large samples.

II. ESTIMATION FOR UNMIXED PARETO-TAILED
DISTRIBUTIONS

Let X be a random variable belonging to the class of
distributions with a "power law" right tail, that is:

P(X > x) ⇠ L(x)x

�↵ (1)

where L : [xmin,+1) ! (0,+1) is a slowly varying
function, defined as lim

x!+1
L(kx)
L(x) = 1 for any k > 0.

There is little difference for small exceedance quantiles
(<50%) between the various possible distributions such as
Student’s t, Lévy ↵-stable, Dagum,[3],[4] Singh-Maddala dis-
tribution [5], or straight Pareto.

For exponents 1  ↵  2, as observed in [?], the law of
large numbers operates, though extremely slowly. The problem
is acute for ↵ around, but strictly above 1 and severe, as it
diverges, for ↵ = 1.

A. Bias and Convergence

1) Simple Pareto Distribution: Let us first consider �

↵

(x)

the density of a ↵-Pareto distribution bounded from below by
xmin > 0, in other words: �

↵
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↵

minx
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P(X > x) =

�
xmin
x

�
↵. Under these assumptions, the cutpoint

of exceedance is h(q) = xmin q
�1/↵ and we have:



q

=

R1
h(q) x�(x)dxR1
xmin

x�(x)dx

=

✓
h(q)

xmin

◆
1�↵

= q

↵�1
↵ (2)

If the distribution of X is ↵-Pareto only beyond a cut-point
xcut, which we assume to be below h(q), so that we have
P(X > x) =

�
�

x

�
↵ for some � > 0, then we still have

h(q) = �q

�1/↵ and



q

=

↵

↵� 1

�

E [X]

q

↵�1
↵

The estimation of 
q

hence requires that of the exponent ↵ as
well as that of the scaling parameter �, or at least its ratio to
the expectation of X .

Table I shows the bias of b
q

as an estimator of 

q

in the
case of an ↵-Pareto distribution for ↵ = 1.1, a value chosen
to be compatible with practical economic measures, such as
the wealth distribution in the world or in a particular country,
including developped ones.1 In such a case, the estimator is
extemely sensitive to "small" samples, "small" meaning in
practice 108. We ran up to a trillion simulations across varieties
of sample sizes. While 0.01 ⇡ 0.657933, even a sample size
of 100 million remains severely biased as seen in the table.

Naturally the bias is rapidly (and nonlinearly) reduced for ↵
further away from 1, and becomes weak in the neighborhood
of 2 for a constant ↵, though not under a mixture distribution
for ↵, as we shall se later. It is also weaker outside the top
1% centile, hence this discussion focuses on the famed "one
percent" and on low values of the ↵ exponent.

TABLE I: Biases of Estimator of  = 0.657933 From 10

12

Monte Carlo Realizations

b(n) Mean Median STD
across MC runs

b(103) 0.405235 0.367698 0.160244
b(104) 0.485916 0.458449 0.117917
b(105) 0.539028 0.516415 0.0931362
b(106) 0.581384 0.555997 0.0853593
b(107) 0.591506 0.575262 0.0601528
b(108) 0.606513 0.593667 0.0461397

In view of these results and of a number of tests we have
performed around them, we can conjecture that the bias 

q

�
b
q

(n) is "of the order of" c(↵, q)n

�b(q)(↵�1) where constants
b(q) and c(↵, q) need to be evaluated. Simulations suggest that
b(q) = 1, whatever the value of ↵ and q, but the rather slow
convergence of the estimator and of its standard deviation to
0 makes precise estimation difficult.

2) General Case: In the general case, let us fix the thresh-
old h and define:



h

= P (X > h)

E[X|X > h]

E[X]

=

E[X
X>h

]

E[X]

1This value, which is lower than the estimated exponents one can find in
the literature – around 2 – is, following [6], a lower estimate which cannot
be excluded from the observations.

so that we have 

q

= 

h(q). We also define the n-sample
estimator:

b
h

⌘
P

n

i=1 Xi>h

X

iP
n

i=1 Xi

where X

i

are n independent copies of X . The intuition
behind the estimation bias of 

q

by b
q

lies in a difference
of concavity of the concentration measure with respect to
an innovation (a new sample value), whether it falls below
or above the threshold. Let A

h

(n) =

P
n

i=1 Xi>h

X

i

and

S(n) =

P
n

i=1 Xi

, so that b
h

(n) =

A

h

(n)

S(n)

and assume a

frozen threshold h. If a new sample value X

n+1 < h then the

new value is b
h

(n+1) =

A

h

(n)

S(n) +X

n+1
. The value is convex

in X

n+1 so that uncertainty on X

n+1 increases its expectation.
At variance, if the new sample value X

n+1 > h, the new value
b
h

(n + 1) ⇡ Ah(n)+Xn+1�h

S(n)+Xn+1�h

= 1 � S(n)�Ah(n)
S(n)+Xn+1�h

, which is
now concave in X

n+1, so that uncertainty on X

n+1 reduces its
value. The competition between these two opposite effects is in
favor of the latter, because of a higher concavity with respect
to the variable, and also of a higher variability (whatever its
measurement) of the variable conditionally to being above
the threshold than to being below. The fatter the right tail
of the distribution, the stronger the effect. Overall, we find

that E [b
h

(n)]  E [A

h

(n)]

E [S(n)]

= 

h

(note that unfreezing the

threshold ˆ

h(q) also tends to reduce the concentration measure
estimate, adding to the effect, when introducing one extra
sample because of a slight increase in the expected value of
the estimator ˆ

h(q), although this effect is rather negligible).
We have in fact the following:

Proposition 1. Let X = (X)

n

i=1 a random sample of size
n >

1
q

, Y = X

n+1 an extra single random observation, and

define: b
h

(X t Y ) =

P
n

i=1 Xi>h

X

i

+

Y >h

YP
n

i=1 Xi

+ Y

. We remark

that, whenever Y > h, one has:

@

2b
h

(X t Y )

@Y

2
 0.

This inequality is still valid with b
q

as the value ˆ

h(q,X tY )

doesn’t depend on the particular value of Y >

ˆ

h(q,X).

We face a different situation from the common small sample
effect resulting from high impact from the rare observation
in the tails that are less likely to show up in small samples,
a bias which goes away by repetition of sample runs. The
concavity of the estimator constitutes a upper bound for the
measurement in finite n, clipping large deviations, which
leads to problems of aggregation as we will state below
in Theorem 1. In practice, even in very large sample, the
contribution of very large rare events to 

q

slows down the
convergence of the sample estimator to the true value. For a
better, unbiased estimate, one would need to use a different
path: first estimating the distribution parameters

⇣
↵̂,

ˆ

�

⌘
and

only then, estimating the theoretical tail contribution 

q

(↵̂,

ˆ

�).
Falk [6] observes that, even with a proper estimator of ↵ and
�, the convergence is extremely slow, namely of the order of
n

��

/lnn, where the exponent � depends on ↵ and on the
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Fat Tailed Variables
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Abstract—GINI Coefficient by direct measurement as estima-
tor is not consistent and downward biased; maximum likelihood
parametrization of tail exponent is more effective. We get explicit
distributions, etc. Bias is up to 10% , etc., etc. Those who compute
GINI are highly unrigorous etc.

I. STATEMENT

Where g is the Gini coefficient and X and X

0 are indepen-
dent (etc., etc.) with mean µ:

g =
1

2

E (|X �X

0|)
µ

. (1)

In other words the Gini is the mean expected deviation
between any two random variables ("mean difference") scaled
by the mean.

Gini as half the relative mean difference,
where sample Y = (Yi)1in, with estimator:

b
G(Y ) =

Pn
j=1

Pn
i=1

|Yi � Yj |
2(n� 1)

Pn
i=1

Yi
(2)

For a power law distribution, \G(Y ) is a slowly converging
estimator, downward biased, inconsistent under aggregation,
so, with nY and nX the relative sample sizes of X and Y

respectively

Theorem 1. For etc. etc.,

b
G(Y tX) � nY

nX + nY

b
G(Y ) +

nX

nX + nY

b
G(X). (3)

This is similar to the inequality in theorem 1 in [1].

Simulations show that where the "true" Gini = .8333
(↵ = 1.1), the in-sample Gini for 106 ⇡ .77

We show that for power law an estimation via the Hill
estimator produces smaller bias.

II. POWER LAW GINI COEFFICIENT

If we know the distribution, then Equation 1 is straightfor-
ward. In the event of known cumulative distribution function
�, consider that |X �X

0|= X +X

0 � 2min(X,X

0). Hence
the expectation becomes:

E (|X �X

0|) = 2
�
µ� E(X,X

0)�
�

We have the joint cumulative

F

�
(x, x0)�

�
= 1� P(X > x)P(X 0

> x)

hence, with X 2 [L,1):

G = 1� 1

µ

Z 1

L
(1� �(x))2 dx (4)

III. ESTIMATION FROM ALPHA VIA HILL METHODS

Let X be etc. etc. Lomax-Pareto distribution etc. etc.,

g =
1

2↵� 1

Assume ↵ from Hill estimator is lognormal in samples,

p(b↵) = e
� (log(b↵)�↵

0

)

2

2s2p
2⇡b↵s , b↵ > 0, and consider values of ↵ such

that 0  g↵  1, which corresponds to ↵ � 1, but we proceed
by renormalizing f rather than p as follows.

Proposition 1. The distribution of the estimator via exponent

g↵ with density f :

f(g↵) =
1

sg↵(g↵ + 1)
� (5)

where � =

p
2

⇡ exp

 
� (�2 log(↵0)+s2+2 log( z+1

2z ))2
8s2

!

erfc

⇣
s2�2 log(↵0)

2

p
2s

⌘
.

Proof. Solving for
Z 1

0

p(b↵)db↵ =

Z
1

0

f(g↵)dg↵

and Z ↵

0

P (x)dx =

Z g+1

2g

0

F (y)dy

1

DRAFT

EXTREME RISK INITIATIVE —NYU SCHOOL OF ENGINEERING WORKING PAPER SERIES

On the Underestimation of the Gini Coefficient for
Fat Tailed Variables

Nassim Nicholas Taleb⇤,
⇤School of Engineering, New York University

Abstract—GINI Coefficient by direct measurement as estima-
tor is not consistent and downward biased; maximum likelihood
parametrization of tail exponent is more effective. We get explicit
distributions, etc. Bias is up to 10% , etc., etc. Those who compute
GINI are highly unrigorous etc.

I. STATEMENT

Where g is the Gini coefficient and X and X

0 are indepen-
dent (etc., etc.) with mean µ:

g =
1

2

E (|X �X

0|)
µ

. (1)

In other words the Gini is the mean expected deviation
between any two random variables ("mean difference") scaled
by the mean.

Gini as half the relative mean difference,
where sample Y = (Yi)1in, with estimator:

b
G(Y ) =

Pn
j=1

Pn
i=1

|Yi � Yj |
2(n� 1)

Pn
i=1

Yi
(2)

For a power law distribution, \G(Y ) is a slowly converging
estimator, downward biased, inconsistent under aggregation,
so, with nY and nX the relative sample sizes of X and Y

respectively

Theorem 1. For etc. etc.,

b
G(Y tX) � nY

nX + nY

b
G(Y ) +

nX

nX + nY

b
G(X). (3)

This is similar to the inequality in theorem 1 in [1].

Simulations show that where the "true" Gini = .8333
(↵ = 1.1), the in-sample Gini for 106 ⇡ .77

We show that for power law an estimation via the Hill
estimator produces smaller bias.

II. POWER LAW GINI COEFFICIENT

If we know the distribution, then Equation 1 is straightfor-
ward. In the event of known cumulative distribution function
�, consider that |X �X

0|= X +X

0 � 2min(X,X

0). Hence
the expectation becomes:

E (|X �X

0|) = 2
�
µ� E(X,X

0)�
�

We have the joint cumulative

F

�
(x, x0)�

�
= 1� P(X > x)P(X 0

> x)

hence, with X 2 [L,1):

G = 1� 1

µ

Z 1

L
(1� �(x))2 dx (4)

III. ESTIMATION FROM ALPHA VIA HILL METHODS

Let X be etc. etc. Lomax-Pareto distribution etc. etc.,

g =
1

2↵� 1

Assume ↵ from Hill estimator is lognormal in samples,

p(b↵) = e
� (log(b↵)�↵

0

)

2

2s2p
2⇡b↵s , b↵ > 0, and consider values of ↵ such

that 0  g↵  1, which corresponds to ↵ � 1, but we proceed
by renormalizing f rather than p as follows.

Proposition 1. The distribution of the estimator via exponent

g↵ with density f :

f(g↵) =
1

sg↵(g↵ + 1)
� (5)

where � =

p
2

⇡ exp

 
� (�2 log(↵0)+s2+2 log( z+1

2z ))2
8s2

!

erfc

⇣
s2�2 log(↵0)

2

p
2s

⌘
.

Proof. Solving for
Z 1

0

p(b↵)db↵ =

Z
1

0

f(g↵)dg↵

and Z ↵

0

P (x)dx =

Z g+1

2g

0

F (y)dy

1



Bias	
  in	
  Gini	
  

	
  
	
  
	
  
True	
  value	
  g*=.8333	
  with	
  α=1.1	
  
Popula=on,	
  not	
  sample:	
  
Popula=on=	
  104,	
  g^=	
  .75,	
  std=.043	
  
Popula=on=	
  105,	
  g^=	
  .77,	
  std=.042	
  
	
  
You	
  get	
  direct	
  GINI	
  from	
  α	
  without	
  bias!	
  	
  	
  DRAFT
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On the Underestimation of the Gini Coefficient for
Fat Tailed Variables

Nassim Nicholas Taleb⇤,
⇤School of Engineering, New York University

Abstract—GINI Coefficient by direct measurement as estima-
tor is not consistent and downward biased; maximum likelihood
parametrization of tail exponent is more effective. We get explicit
distributions, etc. Bias is up to 10% , etc., etc. Those who compute
GINI are highly unrigorous etc.

I. STATEMENT

Where g is the Gini coefficient and X and X

0 are indepen-
dent (etc., etc.) with mean µ:

g =
1

2

E (|X �X

0|)
µ

. (1)

In other words the Gini is the mean expected deviation
between any two random variables ("mean difference") scaled
by the mean.

Gini as half the relative mean difference,
where sample Y = (Yi)1in, with estimator:

b
G(Y ) =

Pn
j=1

Pn
i=1

|Yi � Yj |
2(n� 1)

Pn
i=1

Yi
(2)

For a power law distribution, \G(Y ) is a slowly converging
estimator, downward biased, inconsistent under aggregation,
so, with nY and nX the relative sample sizes of X and Y

respectively

Theorem 1. For etc. etc.,

b
G(Y tX) � nY

nX + nY

b
G(Y ) +

nX

nX + nY

b
G(X). (3)

This is similar to the inequality in theorem 1 in [1].
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(↵ = 1.1), the in-sample Gini for 106 ⇡ .77

We show that for power law an estimation via the Hill
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Now	
  the	
  bad	
  excellent	
  news	
  

“Stochas=c	
  vol”	
  with	
  Student	
  T	
  (a	
  lot	
  of	
  
papers…)	
  with	
  0	
  mean.	
  2	
  Parameters	
  to	
  
es=mate,	
  α,	
  s	
  	
  vs	
  (central	
  or	
  noncental)	
  2nd	
  
moment.	
  
	
  
	
  
	
  
	
  

f(x) =

�

�+ x
2

s2

�+1
2

� s �� �
2
, 1
2
�

� = �
� - 2

s



MLE	
  for	
  s	
  

1 2 3 4 5

-36

-35

-34

-33

-32

-31



Both	
  α	
  and	
  s	
  vs	
  realized	
  vol	
  

3 4 5 6 7
0.00

0.02

0.04

0.06

0.08

0.10

0.12

0.14

Tail	
  α=5/2	
  
No	
  variance	
  of	
  
variance	
  (x2	
  follows	
  
FRa=o(1,α):	
  tail	
  
exponent	
  ½	
  α	
  	
  

Realized	
  vola=lity	
  is	
  
not	
  an	
  es=mator	
  of	
  
realized	
  vola=lity	
  
MD	
  ra=o:	
  5	
  è	
  
delivered	
  volaIlity	
  5	
  
x	
  more	
  volaIle	
  than	
  
true	
  volaIlity.	
  



Conclusion	
  
•  Much	
  of	
  finance,	
  social	
  science,	
  relies	
  on	
  bogus	
  es=mators.	
  

For	
  instance	
  Pinker’s	
  problem	
  is	
  	
  quite	
  insidious	
  with	
  
mechanis=c	
  users	
  of	
  sta=s=cs.	
  

•  We	
  “recalibrate”	
  models	
  because	
  they	
  are	
  not	
  esImators,	
  
chasing	
  past	
  fitness.	
  
–  	
  As	
  the	
  late	
  Benoit	
  Mandelbrot	
  said:	
  when	
  a	
  lightning	
  hits	
  we	
  do	
  not	
  

change	
  the	
  laws	
  of	
  nature.	
  	
  

•  Excellent	
  news:	
  rigorous	
  methods,	
  including	
  using	
  extreme	
  
value	
  theory	
  and	
  development	
  of	
  new	
  es=mators	
  clears	
  up	
  a	
  
lot	
  of	
  problems	
  


