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A severe problem with risk bearing is when onedoes not have the faintest idea abouttherisks
incurred. A more severe problem is when one does not have the faintest idea about the risks
incurred yet thinks he has a precise idea of them. Simply, oneneeds a probability distribution
to be able to compute therisks and assess the likelihood of some events.

These probability distributionsare not directly observable, which makes any risk calculation
suspicioussince it hinges on knowedgeaboutthese distributions Do we have enoughdaa? I f
the distribution is, say, the traditiond bdl-shagped Gaussian, then yes, we may say that we
have sufficient data. But if the distribution is not from such well-bred family, then we do not
have enoughdata. But how do we know which distribution we have on our hands? Well, from
the data itself. If oneneeds a probability distribution to gauge knowledge about the future
behavior of thedistributionfromits past results, and if, at the same time, oneneedsthe past to
derive a probability distribution in the first place, then we are facing a severe regress loopba
problem of self reference akin to tha of Epimenides the Cretan saying whether the Cretans
are liarsor notliars. Andthis self-reference problem is only the beginning.

Wha is a probability distribution? Mathematically, it is a fundion with various propeties
over a domein of (rossible outcomesQ X, which assigns values to (some) subsats of X. A
probability distribution describes a general property of a system: a die is a fair die if the
probability distributon assigned to it gives the valuesE It is not tha different, essentialy,
than describing mathematically othe propeties of the system (such as describing its mass by
assigning it anumerical valueof two kilograms).

The probability fundion is derived from specific ingances from the system@ past: the tosses
of thediein thepast mightjugify thecondusontha, infact, thedie has the property of beng
fair, and thuscorrectly described by the probability fundion above Typically with time series
one uses the past for sample, and generates attributes of the future based on wha was
obsrved in the past. Very elegant perhgps very rapid shortcut maybe but certainly
dependent on the following: that the propeties of the future resemble thos of the padt, that
the observed propaties in the past are sufficient, and that one has an idea on how large a
sample of the past oneneedsto observe to infer propaties aboutthe future.

But there are worst news. Some distributionschangeall the time, so no matter how large the
data, definite attributes about the risks of a given event cannot be inferred. Either the
propeties are dippey, or they are undable, or they become ungable because we tend to act
uponthem and cause some changes in them.

Then what is all such fuss about Geientific risk managementOin the soda sciences with
plenty of equaions plenty of daa, and nather any adequae empirica validity (these methods
regularly fail to estimate the risks tha matter) or any intellectud one (the argument above.
Are we missing something?



An example. Condder the statement "it is a ten sigma event" *, which is frequently heard in
connection with an opeaator in a stochastic environment who, facing an unforeseen adverse
rare event, rationdizes it by attributing the event to a realization of a random process whose
moments are well known by him, rather than consdering the possibility tha he used the
wrong probability distribution.

Risk management in the sodal sciences (particularly Economics) is plagued by the following
central problem: one does not observe probablity distributions merely the outcome of
randomgenerators. Much of the sophistication in the growing science of risk measurement
(snce Markowitz 1952) has gone into the mathematical and econonetric details of the
process, rather than redlizing tha the hazards of usng the wrong probability distribution will
carry more effect than those tha can be displayed by the distribution itself. This recalls the
story of the drunkad looking for his log keys at night unde the lantern, because "that is
where the light is'. One example is the blowup of the hedge fund Long Term Capital
Management in Greenwich, Connecticut®. The partners explained the blowup as the result of
"ten sgma event”, which shoud take place once per lifetime of the universe. Perhgpsit would
be more convinangto consder tha, rather, they used thewrongdistribution.

It is important to focus on catastrophic events for this discussion, because they are the ones
tha cause the more effect B0 no matter how low ther probability (assuming it is as low as
opeaators seem to bdieve) the effect on the expectation will be high. We shdl call such
catastrophic events black swan events. Karl Poppe remarked® tha when it comes to
generalizations like Gl swans are whiteQ it is enoughfor one black swan to exist for this
condusonto befase. Furthermore, before youfind the black swan, no amountof information
aboutwhite swansBwhether you observed one 100, or 1,000000 of them Bcould hdp youto
determinewhether or notthe generalization Gill swansare whiteQis true or not

We claims tha risk bearing agents are in the same situations Not only can they nottell before
thefact whether a catastrophic event will happen, but no amountof information aboutthe pad
behavior of the market will allow them to limit thar ignorance--say, by assigning meaningful
probabilities to the black swanOevent. The only thing they can honestly say about
catastrophic events before thefact is: Ot might happenO And, if it doesindesd happen, then it
can conpletely destroy our previous condusons about the expectation opeator, jus like
finding a black swan does to the hypotesis Gill swansare whiteQ But by then, it@ too | ate.

Obvioudy, mathematical statistics is unequipped to answer questions about whether or not
such catastrophic events will happen: it assumes the outcomes of the process we oberve is

3 That is, an event which is ten standard deviations away from the mean given a Normal distribution. Its
probability is about once in severa times the life of the universe.

4 Lowenstein 2000.

> We use GemarkedOnot (hoticedON Aristotle already OhoticedOthis fact; it@® what he did with the fact thatG
important.



goveaned by a probability distribution of a certain sort (usudly, a Gaussian curve.) It tells us
nothing about why to prefer this type of Qvell behavedOdistributions to those who have
QatastrophicOdistributions or what to do if we sugpect the probability distributons might
changeon usunexpectedly.

This leads usto consider epistemology. By epistemology we mean the problem of the theory
of knowedge athoughin a more applied sense than problems currently dedlt with in the
discipline what can we know aboutthe future, given the pag? We clam tha there are good
philosophical and scientific reasonsto bdieve tha, in econormics and the socia sciences, one
cannotexcludethe possibility of future (black swan eventsQ

THREE TYPES OF DECISION MAKING AND THE PROBLEM OF RISK
MANAGEMENT

Suppo® one wants to know whether or not P is the case for some propostion P b Ohe
current president of the United Statesis George W. Bush, Jr.Q Orhenext coin | will toss will
land Mead® Orhee are advanced life forms on a planet orbiting the star Tau CetiQ

In thefirst case, one can become certain of the truth-value of the propostion if one has the
rightdata: whoisthe president of the United States. |f onehas to choose ond3 actionsbased
on the truth (or falsity) of this propostion Bwhether it is appropriate, for example, to greet
Mr. Bush as OMr. PresdentOP oneis in a state of decision making unde certainty. In the
second case, one cannot find out the truth-value of the propostion, but one can find out the
probability of it bengtrue Theeisbin practice - noway to tell whether or not the coin will
land (headsOor QailsOon its next toss, but unde certain conditions one can condude that
p(@Meadsd) = p(@eils) = 0.5. If onehas to choos onés actionsbased on the truth (or falsity)
of this propostion Bfor example, whether or nat to accept a bet with 1:3 oddsthat the coin
will land headOPoneisin a state of decision making unde risk.

In the third case, not only can one not find out the truth-value of the propostion, but one
cannot give it any meaningful probability. It is not only that one doesn® know whether
advanced life exist on Tau Ceti; onedoes not have any information tha would enable oneto
even estimate its probability. If onemus make a decision based on whethe or not such life
exists, it is a case of decison making unde uncertainty®  See Knight, 1921, and Keynes,
1937, for thedifference between risk and uncertaintly as first defined.

More relevant to econonics, is the case when one needs to make decisions based whether or
not future social, economical, or political events occur Bsay, whether or not awar breaks out

® For the first distinction between risk and uncertainty see Knight (1921) for what became known as "Knightian
risk" and "Knightian uncertainty". In this framework , the distinction is irrelevant, actually misleading, since,
outside of laboratory experiments, the operator does not know beforehand if he is in a situation of (Kightian
riskQ



Many thinkers bdieved tha, where the future dependsnot only on the physcal universe but
on humen actions there are no laws B even probabilistic laws Dtha determine the outcome;
oneis aways Qunde uncertainty® . As Keynes(1937) says:

By QunaertainOknowledgeE | do not mean merely to distinguish what is
known for certain from wha is only probable. The game of roulette is not
subject, in this sense, to uncertaintyE  Thesensein which | am using theterm
is that in which the progect of a European war is uncertain, or the price of
coppe and the rate of interest twenty years hence, or the obolescence of a
new inventionE Aboutthese matters, there is no scientific basis on which to
form any cal culable probability whatever. We simply do notknow

Certainty, risk, and uncertainty differ not merely in the probabilities (or rangeof probabilities)
oneassigns to P, butin the strategies onemug use to make a decision unde these different
conditions Traditiondly, in the GertaintyOcase, one choos the outcome with the highest
utility. In the QiskOcase, onechooss the outcome with the highest expected utility °. In the
(completely) QunaertainOcase, many strategies have been proposd. The mog famousoneis
the minmax strategy (von Neumann and Morgendern, 1944;Wald, 1950, but othe's exist as
well, such as Savage® Oninmax of RegretOor (Horowitz@ alphad These strategies require
boundel distributons In the event of the distributions beng unboundd the literature
provides no meaningful answer.

THE CENTRAL PROBLEM OF RISK BEARING

Using a decision-making strategy relevant to decision unde risk in situaionstha are best
described as cases of uncertainty, will lead to grief. If a shadowy man in a street corner offers
me to play a game of three-card Monte, | will quickly lose everything if | consder thegame a

’ Queasiness about the issue of uncertainty, especially in the case of such future events, had lead Ramsey (1931),
DeFinetti(1937), and Savage(1954) to develop a QoersonalisticOor GsubjectiveOview of probability, independent
of any objective chance or lack thereof.

8Awe simply do not knowOis not necessarily a pessimistic claim. Indeed, Shackle(1955) bases his entire
economic theory on this Gessential unknowledgeOP that is, uncertainty - of the future. It is this QunknowledgeO
that allows for effective human choice and free will: for the human ability to create a specific future out of
QunknowledgeOby its efforts.

®These ideas seem almost tautological today, but this of course is not so. It took von Neumann and
Morgenstern(1944), with their rigorous mathematical treatment, to convince the world that one can assign a
meaningful expected-utility function to the different options when one makes choices under risk or uncertainty,
and that maximizing this expected utility (as opposed to some other parameter) is the GationalOthing to do. The
idea of Gexpected utilityOper se is aready in Bernoulli(1738) and Cramer(1728), but for a variety of reasons its
importance was not clearly recognized at the time.



risk situaion with p(winning) = 1/3. | should aso consder the possibility tha the game is
rigged and my actud chances of winning are closer to zero. Being uncertain where in the
range [0, 1/3] does my real chance of winning lies should lead one to the (minmax)
uncertainty strategy, and reject the be.

We claim that the practice of risk management (defined as the monitoring of the possibility
and magnitude of adverse outcomes) subjects agents to jug such mistakes. We argue bdow
tha, for variousreasons risk managers cannot rule out Gatastrophic eventsO We then show
tha this ever-present possibility of black swan events means that, in mog situaions Risk
manage's are essentially unaertain of the future in the Knightian sense: where no meaningful
probability can beassignal to possible future results.

Worsg, it meansthat in many cases no known lower (or uppe) boundcan even beassigned to
therangeof outcomes,

worgt of all., it meanstha, while it is often the case tha sampling or other actionscan reduce
the uncertainty in many situations risk managers often face situaions where no amount of
information will hdp narrow this uncertainty.

The genera problem of risk management is that, dueto essential propaties of the geneators
risk managers are dealing with, they are dealing with a situaion of essential uncertainty, and
not of risk.

To put the same point dighty more formally: risk manage's look at collection of state
spaces’® that have a cumulative probability tha exceeds a given arbitrary number. Tha
implies tha a geneator of a certain general type (e.g., known probability distribution:
Normal, Binomial, Poisson, etc. or mere histogram of frequendes) determines the
occurrences. This generator has specific parameters (e.g. a specific mean, standard deviation,
and highea-level moments) that D togdaher with the information about its general type B
determine the values of its distribution. Once the risk manager settles on the distribution, he
can caculate the QiskOP e.g., the probability - of certain states of the world in which heis
interested.

In amog all important cases, whether in the thardOor GoftO sciences, the generator is
hidden,. There is no indgpendent way to find out the parameters b e.g. the mean, standad
deviation, etc. - of the generator except for trying to infer it from the pag behavior of the
geneator. On the other hand, in order to give any estimate of these paameters in the first
place, onemusd first assume that the generator in questionis of a certain general type that itis
aNormal generator, or a Poisson generator, etc. The agent needsto provide a joint estimation
of thegeneator and the paameters.

Undea some circumstances, one is judified in assuming tha the generator is of a certain
gened type and tha the estimation of parameters from past behavior isreliable. Thisis the

9By "state-space” is meant the foundational Arrow-Debreu state-space framework in neoclassical economics.



situaion, for example, in the case of arepeated coin toss as one can observe the nature of the
geneator and assess the boundelness of its payoffs.

Undea othe circumstances, one might be judified in assuming tha the generator is of a
certain genera type but notbejudified in usng the past datato tell usanythingreliable about
the moments of the generator, no matter how much data onehas.

Undea even more troubling circumstances, one might have no judification not only for
guessing the generator@ parameters, but also in guessing what general type of generator one
is dedling with. In tha case, nauraly, it is meaningless to assign any values to the
parameters of the generator, since we don®know wha parameters to look for in the first
place.

We claim tha mog situationsrisk managers deal with are just such hadOcases where one
cannot figure out the gened type of geneator solely from the daa, or at least give
worthwhile estimate of its paameters. This means tha any relation between the risks they
caculate for black swanOevents, and the actual risks of such events, may be purely
coinddental. We are in unaertainty: we cannottell not only whether or not X will happen,
but not even give any reliable estimate of wha p(X) is. The cardind sin risk managers
commit is to GorceOthe square peg of unaertainty into the round hole of risk, by becoming
convinced withoutjugtification bath of the generator type and of the generator parameters.

In the remainde of this paper we present the problem in the GedankenOformat. Then we
examine the optimal policy (if one exists) in the presence of uncertainty attending the
generator.

Four GGedankenOMonte Carlo Experiments

Let usintroduce an invisible generator of a stochastic process. Assodated with a probability
gpace it produes observable outcomes. Wha can these outcomes reveal to us about the
geneator B and, in turn, about the future outcomes? What D if anything D do they tell us
aboutits mean, variance, and highe order moments, or how likely theresultsin the future are
to match the past?

The answver depends of course, on the propeties of the generator. As said above Mothe
Nature failed to endow us with the ability to observe the geneator--doubly so in the case of
sodal science generators (particularly in econormics).

Let us consder four cases. In al of these cases we obsrve mere realizations while the
geneator is opeated from behind a veil. Assume tha the draws are generated by a Monte
Carlo generation by a person who refuses to reveal the program, but would offer samples of
the series.

Table 1: The Four Gedanken Expeiments



Gedanken Probability Selected Process Effect Comments
Space

1 Boundel Bernouili Fast convegence "Easedt" case

2 Unboundé Gaussian Semi-fast "Easy" case
(Generdl) convegence

3 Unbounde Gaussian Slow convegence | Problems with
(mixed) (sometimes too | solutions

dow)

4 Unboundé Stable  Pareto- | No convegence No known solutions
LAvy-
Manddbrot (with
! <1 )11

THE “REGULAR” CASE, TYPE I: DICE AND CARDS

The simplest kind of random process (or Gthance setup as they are sometimes called is
when all possible realizationsof theprocess are boundel. A trivial caseisthe oneof tossinga
die. Theprobability space only allows discrete outcomes between 1 and 6, indusive.

The effect of having the wrong moments of the distribution is benign. First, note that the
geneator is boundel: the outcome cannotbe more than 6 or lessthan 1. Onecannotbe off by
more than a finite amountin estimating the mean, and similarly by some finite amountwhen
estimating the other moments (although,to be sure, it might become a relatively large amount
for highe-level moments) (note the difference beween unboundd and infinite. As long as
the moments exist, onemug be off by only afinite amount, no matter wha oneguesses. The
point is tha the finite amount is unboundd by anything a priori. Give examples in
literatureN origind one preferably, E.).

Second, the boundel-ness of the generator means tha there are no extreme events, There are
no rare, low-probability events tha any short run of the generator is unlikely to cover, butyet
have a significant effect on the value of the true moments. There are certainly no Cblack
swanO eventsN no outcomes whose result could destroy our previous estimates of the
generator@ moments no matter how much previous data we have. That is, E(X,) (the
observed mean) is likely to be close to E(X) (the @eal mean since there is no rare, 1-in-

™ More technically, Taleb shows in Taleb (2006) that the ! <1 is not necessarily the cutting point. Entire classes
of scalable distributions converge to the Gaussian too slowly to be of any significance Eby a misunderstanding
of Central Limit Theorem and its speed of reaching the limit.




1,000000 chance of the die landing A,000000CDwhich would raise E(X) from the E(X) of
a QegularOdie amog by 1 butwill notbein the observed outcomes x4, X», E X, unless one
isextremely lucky. (Make the example more mathematical.)

THE “REGULAR” CASE, TYPE II: NORMAL DISTRIBUTION

A more complicated case is the situaion where the probability space is unboundd. Condder
thenomal distribution with densty fundionf,. In this case, thereis a certain >0 probability
for theoutcome to be arbitrarily high or low; for it to be>M or <m for arbitrary M, m" R.

However, as M increase s and m decreases, the probability of the outcome to be >M or <m
becomes very small very quickly.

Althoughthe outcomes are unbounde the epistemic value of the parameters identificationis
smplified by the @ompactnessOarument used in econorics by Samudson*?

A compact distribution, short for Qlistribution with compact suppotQ has the following
mathematical propety: the moments M[n] become exponentially smaller in relation to the
second moment™® [add references to Samudson].

But there is another twist to the Gaussian distribuion. It has the beautiful propety that it can
be entirely characterized by its first two moments®. All moments M[n] from n ={3,4,E, #}
are merely amultiple of M[1] and M[2].

Thus knowledge of the mean and variance of the distribution would be sufficient to deive
higha moments. We will return to this point alittle later. (Note tangentially tha the Gaussian
distribution would be the maximum entropy distribution conditiond on the knowedge of the
mean and the variance.)

From this point onN condder Levi more? Also indudion more? These are the thingstha we
need to addE

12 See Samuelson (1952).
3 A Noncentral moment is defined as M[n] ELX"(}S(X) dx .

1% Take aparticle W in atwo dimensional space W(t). It moves in random increments $W over laps of time $t.
At times t+$t, we have W(t+$t)= W + $W + " $W? + 1/6 $W3 + 1/24 $W* + E Now taking expectations on
both sides: E[W(t+$t)] = W +M[1]+ M[2]/2 +M[3]]/6+ M[4]//24, etc. Since odd moments are 0 and even
moments are a multiple of the second moment, by stopping the Taylor expansion at M[2] one is capturing most
of the information available by the system.



Anothe intuition: as the Gaussian density fundion for a random variable x is written as a
LG my

scaling of e %, we can see tha the dengty wanes very rapidly as x increases, as we can

seein thetapering of thetail of the Gaussian. Theinteresting implication is asfollows: Using

basic BayesOTheorem, we can compute the conditiond probability tha, given tha (x-m)

Ls_}_)(x#m%)(

*
exceeds a given 2 %, tha it falls unde 3 %and 4 %becomes % =94% and
2 +) x#m&
1# 1 X
g ( * %

f:¢( xom )dx
i = 99.8% respectively.

1—f_2w¢(x;m)dx

THE “SEMI-PESSIMISTIC” CASE, TYPE III: “WEIRD” DISTRIBUTION WITH
EXISTING MOMENTS.

C\:onsider’ anothe case of uanundel ,distribuﬁon: this time, a linear combinaion of a
QegularO digtribution with a QveirdOone with very small probabilities of a very large
outcome.

For the sake of conaeteness assume tha oneis sampling from two Gaussian distributions
We have & probability of sampling from a nomal N1 with mean y; and standad deviation
% and & = 1- & probability of sampling from a nomal N, with mean p, and standard
deviation %.

Assume tha N isthe "noma"” regime as &; is high and N, the "rare" regime where & is
low. Assume further tha |pi|<<|u2|, and |[#1|<<|#.|. (add graph) The dendty fundion f3 of
this distribution is a linear combination of the dengty fundions N1 and N2. (in the same
graph, here:.)

Its moment-generating fundion, Ms, is aso the weighted average of the moment generating
fundions M; and M,, of the QegularO and QveirdO nomal distributions respectively,
according to the well-known theorem in Feller (1971)*. Thisin turn meanstha the moments

> Note that the process known as a Qump processQ) i.e., diffusion + Poisson is a special case of a mixture.The
mean M= & L1 + & U, and the standard deviation

10



themselves (us, #3, E) ae a linear combinaion of the moments of the two nomal
distributions

While the propaties of this generator and the outcomes expected of it are much less GtableO
(inasenseto beexplained later) than either of thepreviouscases, it is at least the case tha the
mean, variance, and highe moments exist for this generator, Moreover, this distribution over
time settles to a Gaussian distribution, albdt at an unknown rate.

This, however, is not much a of a conslationwhen % or W, are very large compared to #;
and H1, as assumed here. It takes a sample size in inverse propottion to &, to begin to reach
the true moments. When &; is very small, say 1/1000, it takes at least 1000 observationsto
start seeing the contribution of % and m, to thetotal moments.

THE “PESSIMISTIC CASE: NO FIXED GENERATOR

Condgder now a case where the generator itself is not fixed, but changes continuousy over
time in an unpredictable way; where the outcome x; istheresult of a generator G, at timets,
outcome X, tha of generator G, at later timet,, and so on. In this case, there is of course no
single dengty fundion, moment-generating function, or moment can be assignal to the
changing generator.

Equivalently, we can say tha the outcome behaves as if it is produed by a generator which
has no moments B no definite mean, infinite variance, and so on. One such generator is the
one with moment-generating fundion M4 and densty fundion f, D the Pareto-LAry-
Mandelbrot distribution®® with parametrization ! <1 providing al infinite moments, which is
acase of thestable distribution"'L" Stable (for L Ary-stable).

THE DIFFERENCES BETWEEN THE GENERATORS

Suppo® now that we observe the outcomes X1, X2, X3E X, of generators of type (1)-(4)
above from the bourd dice-throwing to the Pareto-LAvy-Manddbrot distributon. What
could we infer from that daa in each case? To figure this out, there are two steps: first, we
need to do is figure out the mathematical relation between the observed moments (E(X),
Var(X,), etc.) and the actud moments of the generator. Then, we need to see what

C= e BT R m )

16 See Samorodnitsky and Tagqu(1994). It is interesting that the Pareto-Levy-Mandelbrot distribution is only
known by its characteristic function, not its density which cannot be expressed in closed form mathematically,
but only as anumerical inversion of the Fourier transform.

11



epistemology tells us about the significance of these relationsto out ability to knowthe actud
moments.

THE FIRST AND SECOND CASES.

In the first and second case, the moments of the generator (e.g., E1(X), Vari(X), Ea2(X),
Var,(X), and higha-level moments) can be quickly inferred from the observation of the
actud outcomes.

For example, the observed first moment B the observed mean E(X,) = (X1 +X2+E+ X,)/n D
quickly converges to theactual mean E1(X) or E>(X) asnincreases. Same with the observed
variance of the sample {x 1Ex }, Var(X,), convegingto Vary(X) or Vara(X). Thesameis
also truewith highe-level moments.

Let us illugrate this pointN the fast convergence of the observed moments to the actud
momentsN by consdering the first moment, or the mean. In the first case (the dice), the
outcomes are boundel, so that we know tha min(X)<x<max(X) for sure. In the second case
(the Normal distribution) the outcomes are not bounde, but ther probability decreases
drastically as they vary from the mean.

That is, pi(x)*x! 0 quickly as x increases to extreme values both in the case of the first and
the secondgeneator (tha is, fori=1,2). Inthefirst casethisis dueto thefact that p;(x)=0 for
x<min(X) or x>max(X); in the second, because p,(X) decreases much faster than the
deviation of x from the mean.

This meansthat the effect of extreme values on the mean of the generator, E;(X) = $xx*pi(x),
is negligible in both the boundel case (i=1) and the Normal case (i=2). Tha is, $xx*pi(X) ~
P not an extreme valueX*P i (X) for both generators.

Condder nowthedaa we actualy observe. Even if thelow-probability extreme values of the
generator (if such exist) are not observed at al in the outcomes xi, X2E Xn, the
Gexpeimenta OE(X ) = (X1 +X2+EX n)/nis till converging towards $y not an extreme vaueX*Pi(X).
This, aswe said, will notdiffer much fromthe actud E;(X) or E»(X). Onedoes not, in other
words need to wait until a rare extreme event occurs, even if the possibility of such events
exigts, in order to get a reasonable estimate of the real E1(X) or E2(X) from the experimental
E(Xn).

For similar reasons Var(Xn») will convege quickly to Vari(X) or Varz(X), and the same for
higha-level moments, even if X1, X2, E X, does notindudeany of the extreme values tha
could occur Bif any.

12



THE “SEMI-PESSIMISTIC” CASE

Suppo® now that the generator which generated our data B outcomes x4, X2,E xn Disof the
third type, the Gemi-pessimisticOcase of a linear combinaion between aNormal and Poisson
distribution.

In this case, the extreme values of the generator are not negligible for the calculationsof the
generator@ moment. Tha is since, while p3(x)! 0 as x deviates greatly from the mean, it
does notdo so Gast enoughOto make extreme values negligible. That is, ps(x)*x doesnot!

0 as x becomes extreme.

In such situaions E3(X) = $xp3(X)*X %$x not extreme vaueP3(X)*x. Therefore, as long as the
rare extreme events do not occur, the Gxperimental OE(X ) is convaging towards $x not
extremevalueP3(X)*X - which might bevery different from E3(X) = $xps(X)*X.

In other words therare, extreme events need to actually occur before E(X ) will be close to
Es(X) (if then). Andsimilarly for Var(X;) vs. Var3(X) andthe highe-level moments.

Thisis seen by the fact tha in such generators, the conva'sion is much slower. (add formula
for theconvagence in thefirst moment and second moment).

Furthermore, until extreme (black swanOresults actudly occur, the observed outcomes of the
second (Normal) generator would beindistinguishable from the results of the third (Normal +
Poisson) generator. We shdl consder theimplicationsof this later.

THE “PESSIMISTIC” CASE

In the (essimisticO case, things can be intractable. It is not that it is takes time for the
experimental moments E(X,,), Var(X,), etc. to corvergeto the QrueDE4(X), Vars(X), etc. In
this case, these moments ssimply do not exist. This means of course, tha no amount of
observation whasoever will give us E(X,), Var(X,), or highe-level moments that are close
to the QrueOvalues of the moments, since no truevalues exist.

THE PROBLEM OF INDUCTIVE INFERENCE AND ITS RELATION TO THE
MATHEMATICAL RELATIONS DISCUSSED ABOVE

So far, we have jug described four generators and saw the mathematical relation they imply
between the value of the estimated moments and the actud moments (if they exist).

We now need to see how these propeties affect the origind question we consdered: namely,
unde what circumstances can we use the data of the previous outcomes of the generator to
establish the type of the generator and its parameters, and thusbe able to predict the risk of
future outcomes.
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It should be emphasized tha while these two problems B the mathematical relation between
the generator@ true moments and the observed moments, on the one hand, and the ability to
predict the future outcomes of the generator are closely related, they are by no means
identical. Thefirst oneis a purely mathematical problem. The secondis an epistemological
problem.

One can never condude much about the future solely from a small specific set of outcomes,
our Gexpeimental daaQ In the moden literature'’, a corpus of knowledge suggesting
availability of backgroundinformationis always imperative.

For example, onecannottell, from a million observations of a coin toss along tha the coin
has a certain probability of landing headsOon the next toss. There is nothing On the data®
itself that excludes, for example, the possibility that the coin will land nether theadsOnor
QailsOthe next time, but will explodelike a nudear bormb. Despite the close mathematical
relation between the observed and actud moments, unless we have the right hackground
informationQwe will not be able to make any epistemological conduson from thedata to the
future behavior of the generator. The reason such outcomes as Qill explode like a nudear
borrbQere excluded is that, in mog case, we have theright kind of Gbackgroundinformation©O
to excludeit Be.g., our knowedgeof physcs.

On the other hand, even if the generator is of the (pessimisticOPareto-L Ary-Manddbrot type
above thelack of mathematical relation between the observed moments and the real moments
might not Bin theory! B exclude one from making an epistemological conduson about the
future outcomes of the generator. If by some miracle, for example, we have an access to an
angd tha whispersin our ear the next outcome of the generator before it occurs, then pat of
our wackground informationOsimply indudes the generator@® outcome, and we could tell
what the outcomes would be

However, such cases are usudly of a fantastic natureN in mog cases we deal with, as seen
bdow, the mathematica information is necessary, but not sufficient, to reach the
epistemological condusonswe are interested in.

THE IMPLIED BACKGROUND INFORMATION AND OUR CLAIMS

As we said we are interested here in the epistemological problem given a specific type of
badgroundinformation, which is the situation in practice when risk managers need to Ghow
thar stuffO We assume tha the backgroundinformationis such that:

1. Outcomes are created by some randomgenerator,;

2. Tha thisrandomgenerator will continueto produe them in thefuture;

Y See for example Levi(1980), Kyburg(1974).

14



3. One does not have any indgendent way to estimate either the type of
geneator or its parameters except from the data of the previousoutcomes, and
that furthermore

4. The generator can be any one of the four different types of exclusve and
exhaudive generators discussed above

The first three assumptions are not controversial (where is this information coming from?
Why isit agreed? Add references? E.). Thefourth oneis

Our epistemological questioniis. if the backgroundinformation is as above what if anything
can we condude about the moments of the generator (and, hence, about its future behavior)
from 1). the oberved past behavior of the generator, and 2). This background information?
Our practical question is. when is it the case tha, indeed, the generator can be of al four
types, or at least of the (pessimisticOtype, type 3 or 4?

We claim that:

1) If the generator can be or type 3 or 4 (Gemi-pessimisticOor essimisticQ, tha is enough
to invalidate our ability to condude much from its past behavior to its future behavior; in
paticular, it makes it impossible for usto assign any specific probabiity to future outcomes,
which makes the situation oneof uncertainty, as claimed in theintrodudion above

2) It isprecisaly in situationsdedlt with by risk managers where the generator can be of type 3
or 4.

THE PROBLEM OF INDUCTIVE INFERENCE: THE FIRST PART

Let us begin, then, with thefirst part of the problem, the Of-thenOpart: namely, unde wha
circumstances we can (or cannof) say something aboutthe moments of thethe generator if we
know (or do not know) the backgroundsomething aboutwha the generator is, or what typeit
could be

There are two possibilities. It might be tha certain information about the moments is a
dedudive consquence of wha | aready know about it. For example, if | know tha a
generator@ outcomes are boundbetween the values a and b, | know tha the first moment is
also so bound.This is not a matter of choice or decision: to be logically consistent, | must
accept all such consequences the backgroundinformation implies aboutthe moments ™.

18 See also the distinction between Qloxastic commitmentOand Qloxastic performanceOin the section about
induction and deduction, below.
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More complicated is the case of indudion. Even when (as we aways assume) all the
dedudive consequences of the backgroundinformation are known, it might be tha no specific
valuefor the moments emerges. In that case, we are notforced to settle on a specific valuefor
them. Neverthdess, we might conclude tha unde the circumstances, we are indudively
judified in assigning the mean of the generator a certain value (say, B.50in the Gair dieO
case), and similarly for higher moments.

We discuss indudion more specifically bdow, in a separate part. But before we begin this
section, ashort summary is necessary.

As Peirce showed, this is redly a epistemic decision problem. | am given background
information about the generator (Ot lookslike a die of some sort is tossedQ) and the previous
outcomes (Qhe outcomes were 4, 4, 3, 2, 10. | need to decide whether adding a new
conduson about the generator®@ moments to my beliefs based on this daa is judified (say,
Qhedieisafair dieQ or more formally Qhedie@ first moment is 3.50).

To solve thedecision problem, asin al decisionsproblems, onenesdsto consder the goal (or
gods) onetries to achieve, and the optionsone can choos from. To choo correctly means
to choos the option tha best achieves one@ gods. Decision-making gods can be anything
from winning a nudear war to choosng a goodrestaurant The gods of indudive inferenceis
(as James showed, bdow) to seek new information while at the same time awiding error.
Similarly, theavailable optionscan be anything from laundching a Trident |1 missile to driving
to the restaurant.. In indudive inference, the options are adding new claims to one3 bdiefsN
in this case, claims aboutthevalue of arandomgenerator@ moments.

These two gods are in tengon: the more information | accept, the more likely it is that one
will mistakenly indudeerror. The question is, what new claims give me the mog information
for the least risk if | add them. The result of the indudive inferenceN the solution of the
decision problemN is adding to one3 beliefs the claim that best balanaes these goals. Adding
this clam istheindudive inference jugified unde the circumstances.

Note that the null claimN Gdd no new information® is always available. If the optimal
optionisthe null option, it meanstha thejudified indudive inference is no inference. In our
case it would mean tha we are not judified in conduding anything about the generator®®
moments from our background information and past outcomes. As we shdl see, this is often
the case.

Note, further, tha mere high probability, e.g. low risk of error, is notitself goodenoughfor
acceptance. Condder a lottery with a million tickets: the probability or each ticket winning is
1/1,000000; but if we accept tha this low probability, in itself, is enoughto condude tha
ticket n will notwin, we reach the absurd conduson that no ticket will win.

In wha follows, we need to formalize and quantify the decision situaion faced by the agent.
For this we use the system developal by Levi. Other formalizations of epistemic decision
making in inquiry exist; in fact, one of the authors (Pilpd) is investigaing the differences
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between these systems. But in the cases of risk management described bdow, al of them will
recommend the same (pessimistic) conduson.

TYPE #1 AND #2 GENERATORS

Suppoe tha an angd came to us and told us the following: Qhe phenomena which you
measured so far, with results x1, X2, E X, is producd by a generator which is bound(type 1
above between a and b, or which gives a normal distribution (type 2 above). However, | will
nottell youwha the mean, variance, or highe moments are; this you need to figure out from
that data.O Could we doiit?

TYPE 1 GENERATORSFORMAL TREATMENT

To answer, let us put things more formally, usng Levi@® notation (Levi, 1980, and aso
bdow). To simplify things let us fix a and b as 1 and 6, and first consder a boundel
generator (Type 1) with afinite number of outcomesN say a tossed die with outcomes {1, 2,
3, 4, 5, 6}. John, at time tp, has to make a decision about the propeaties of this random
genegator. Wha can we say aboutthis situaion, epistemically?

THE CORPUS OF KNOWLEDGE: BACKGROUND INFORMATION AND
EXPERIMENTAL DATA

Firgt of all, John has a corpus of knowledge (or bdief), Knnio. It indudes the following
information:

1) Badkgroundinformation John knows aboutthe generator. As theangd said
to John, K jom o indudes:

a) The outcomes of the dice throws are govened by a random generator
defined by a probability fundion X:{1,2,3,4,5,6}! [0,1].

b) Theoutcomes of the generators are dways oneof theset {1,2,3,4,5,6}.

¢) Thegeneator@ mean (E(X)), variance (Var(X)), and highe-level moments
are fixed, both in the past and in thefuture.

d) Johnknows the laws of statistics, methodsof statistical inference, and so
on, e.g., thecentral limit theorem, etc.

2) John® corpus of knowledge Ko aso indudes the outcomes of the
previoustrials up to time to:
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1) Thefirst toss of thedie had outcome x1" {1,2,3,4,5,6}.

2) Thesecondtoss of thedie had outcome x," {1,2,3,4,5,6}.

3) E

4) E.

n) Thenth toss of thedie (thelast onebeforetimety) was x," {1,2,3,4,5,6}.

We also assume something el se of significant importance: tha n is large enoughfor usto use
thenormal approximation for E(X,). We shdl see theimportance of thislater.

3) Theresult of 1-n aboveand John@knowledgeof atisticsis tha, of course,
Johnhas estimates of thefirst, second,and highes momentsin his corpus

a) The edtimated first moment of X given the first n tosses (E(X,)) is
(&ixi)/n. Note tha this itself is a randomvariable, dependant on both the
propeties of X and onn.

b) The estimated second moment given thefirst n tosses (Estimated variance,
or Var(X,)) is the squae of the sample@ standad error, or (&i(Xi-
E(Xn))?)/(n-1).

¢) E andsoonfor higha-level moments.

4) Findly, John® corpus of bdief indudes (by definition, as seen beow) alll
the dedudive consquences of the above information. In paticular, tha
1' E(X)' 6, 0' Var(X)' 25 (=(6-1)) (actudly less, but we can afford to be
generoushere), etc.

5) However, John® corpusdoes not limit where E(X) can be dedudively any
more than tha. It is not logicaly follow from the outcomes and the
backgroundinformationtha E(X) is more specific than [1,6].

Johnis engaged, at time to, in solving a decision problem: given the information abovein
K sonnt0, €an he give a reliable estimate of the moments of the generator XN and thus of its
future behavior? To ssimplify, once more, we shdl consde only the case of John estimating
thefirst moment, E(X).

THE DECISION PROBLEM: THE OPTIONS

To repest, giving areliable estimate of E(X) is another name for saying tha Johnis judtified
to infer that E(X) is of a certain valueN tha it is a legitimate indudive inference. Thisis a
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decision problem; we need to first condder what optionsfor indudive inference existN tha
is, between wha estimates of E(X) John can choose; then, to decide which one (if any) of
those Johnshould choo%.

Wha are the optionsavailable? This depends both on wha is dedudively excluded by K jonn o
and the godstha interest John.In this case, we know that:

1) Kamio 1" E(X)' 6. Whaever value John chooss as his estimate of E(X),
it mug be between 1 and 6 on pan of logical inconsistency.

2) From the statistics in K jonno 0neknows tha the estimate GE(X)=E(X,)Ois
theonly onetha isfree from an built-in bias.

Now, we can limit the nunmber of options John consdes accepting or rejecting to a finite
number (even to two). For a fixed (o, we can consde the two options as whether |E(X)-
E(X1)|<(o or not (Hg). On this view, there are four optionsatogeher: to accept tha E(X) is
at mog (o from the observed E(X,), to accept tha E(X) is (o or more from the observed
E(X,), to accept both (which means tha John decides to add information to K jmio tha
makes his beliefs incongstent, by adding Ho' ~Hp) and to accept ndthe (tha is, to add
nothing to K om0, by GaddingGthetautology Ho( ~Ho)

However, there is no need to a priori limit the number of possible options Thereis a naural
set of potential basic options mutudly exclusve and exhaudtive (as they mus beN see Levi,
1980) tha are the mog specific posible: namely theset {U x = 4ot E(X)=xQ1' X' 6}.

In this case, John has a tota nurber of 2) options thow tha are defined by any sort of
(measurable) subset of [1,6]. For example, John might decide tha the strongest claim tha he
acceptsis that E(X) isbeween " and 1 or beween 4 and 5; tha is, John accepts the infinite
digundion (( os<<1U;)( (( 4<<sU;) as true but does not accept anything more specific. Note
that the previousasicOoption Hy is anon-basic ong the disundion ( gxn)-(o<j<exxny+(0U;-

In paticular, Johntill has the weakest optionN accept only the disundion ( 1 j sUj, that is,
tha 1' E(X)' 6, which is already in K yonn1o and therefore a null addition; and there is a single
strongest optionN accepting the digundion (- , that is, to accept that none of the basic
hypotheses U; are true This means to accept tha E(X)) [1,6], in contradiction with
information already in K yonn o that it is; tha is, thestrongest optionisto add a contradiction.

THE DECISION PROBLEM: RISK OF ERROR

Thenext issue to consder in the decision problem is therisk of error by accepting any of the
options and, in paticular, thebasic options Therisk of error, from the agent@ point of view,
istheprobability thatit iswrong
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Since we are dealing with theinfinite case, we mug deal notwith probability itself (for every
basic option, p(U;) = p(E(X)= exadly j) is 0), but with the density fundion, f, which in turn
determines the probability for any measurable set. Can John estimate this dengty fundion?
Thelaws of satistics tell ustha Johncan do so.

The calculationsthemselves can befoundin any statistics textbook. Here is a short sketch: for
a Qarge enoughO (n>30), the randomvariable X = , = ger (& j=1 10 n X i )/N behaves roughly
like a nomal variable (due to the central limit theorem) with mean E(X) and standad
deviation of #x/*n. We do notknow wha #x itself is, of course (the generator@ moments are
hidden from us) but, since #x is boundel from aboveN if by nothing else, then by sqr((6-
1)?)=5, in this caseN there is a known uppe limit to the standad deviation of X, is for
every n. So, for every n, the laws of statistics tell Johntha he can assume that X ,& dendty
function is roughly tha of a noma random variable with a mean E(X) and (maximal)
standard deviation of (in this case) 5/(* n).

(For smaller n, one needs to use Gossett@ (Btudent-tOdistribution, but we can assume n is
large enough.Also tha the nomal approximation of X, is unboundeN it can go to, say, -
10000r +1,000000N while the @eal OX " ,, is the observed average of n die tosses, and must
be boundbetween 1 and 6; but, again, for a Qarge enoughn thetails will be so closeto 0 as
to make no difference. Findly, onecan estimate #x by usngs = sqr[(&=1 1o n(X;-E(Xn))*/(n-
1)], the sample® standad error, which would usudly be much smaller than 5; but we can
afford to take the Qvorse case scenaioGhere))

Wha, then, are the allowable probability fundions, Qunnt, Johncan consider (for agiven n)
as possibly representing the actud density fundion of the probability of thereal E(X) beng at
a certain point aroundthe observed E(X,)? It is a family of nomal distributionswith mean
E(X,) and maximal variance 5/* n. So, thedendty fundionsare:

Allowable dendty fundionsfor Johnat timeto: Qionnio = {fvtN(E(Xn),V)| 0<v<5/*n}.

Note tha the agent can use the laws of dtatistics to reach condusonsabout the probabilities
patially because theorigind randomvariable X describing the generator does not changewth
time. Therefore, the risk of error John takes (given a fixed dengty fundion f and n) if John
accepts the infinite digundion (( os<j<1U;)( (( 4<j<sUj) as true (tha is, addsit to K jonno) but
does not accept anything more specific, is 1-(,os51 f(X)dx+,34f(x)dX), that is, 1-the
probability of it bengthecase tha E(X) isin tha range

THE DECISION PROBLEM: INFORMATIONAL VALUE

Now we come to informational value What informationd value should be assigned to every
U;?

According to it (Levi 1980)the informationd value of an hypohesis, Cont(H), is inversely
correlated with a probability fundion, M(H): the highe the QorobabilityOof an hypothesis,
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the less information it carries. This mug be so, if we want certain basic propeaties of
information value to hold: say, tha the informationd value of a tautology is the minimal
possible ong or tha the Cont{A( B) ' Cont(A), Cont(B) ' Cont(A' B).

Note that:

1) M is not the same as the probability fundion that the agent assigns to the
hypotesis beng true, unlike wha Poppe (1950) and others bdieved. On
the view advocated by Peirce, James, and Levi, informationd vaueis not
merely a way to say tha something is improbable; probability and
informationd valueare distinct characteristics.

2) Theinverse propottion beween M(H) and Cont(H) can take severa forms:

say, Cont(H)=g&1/M(H), Cont(H)=ge-(logM(H))), etc. Levi prefers the
simple Cont(H)=1-M(H), for reasonsnot crudal to this discussion (for the
record, in this way his version of information content mimics in certain
respects Savage® Qlegrees of surpriseQ see Savage (1953) Levi (1980.)

There is here a natural suggettion: tha every U; have an equal informationd value it is
precisely asinformative, or as specific, to say tha E(X) is0.453asit isto say tha it is0.991.
That means tha the M-fundion, as well, mug be Qhe sameOfor every U;. Since we are
dealing with the infinite case, any M-fundion would give probability 0 to every U;, so we
need to look at the dengty fundion: we wish the dengty fundion m of the M-fundion to be
the congant one In this case, we have m+0.2 over [1,6].

On this view, the informationd value of every hypoheses H is 1-M(H), tha is, 1-0.2*(H3
measure). For example, if John accepts the infinite digundion H=(( os<j<1U;)( (( 4<j<sU;) as
true (tha is, adds it to Kjnmio) but does not accept anything more specific, John gans
informationd valueof Cont(H) = 1-M(H) = 1-(,j0.5,10.2dx+, 34 0.2dX).

To illudrate, hereis a graph of them-fundion and afew of the potential dengty fundions
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Figure 1: The agent's m-- and p-functions

THE DECISION PROBLEM: THE OPTIMAL INDUCTIVE STRATEGY

THE DECISION PROBLEM: STAGE 1: THE FORMULAS

As always, we follow Levi(1980) Levi recommends to accept an hypothesis where the
information value (defined by Cont(H), etc.) is big enoughto jugify therisk of error (defined
by p(H), etc.)

How does one determine wha is a Gmall enoughOrisk of error or a Qarge enoughO
informationd value? Levi (1980)condudes that the way to goisasfollows:

Regjection Rule: if U; isabasic option, p(U;) isthecredd probability (e.g., the probability the
agent assigns to U; beang true) of U;, and M(U;) the probability fundion determining its
informationd value Cont(U;) =4 1-M(U;), the agent should reject U; (e.g., add~U; to ther
corpus of knowedge) if and only if p(Ui)<gM(U;), where 0<g<1 is the agent@ holdness
indexQ

Let usconsde thisfor amoment. To accept hypohesis U; isthesame thing asrejecting ~Uj;
and Cont(U;)=1-M(U;)=M(~U;). For a fixed p fundion and fixed q, the highe the
informationd value Cont(U;), the higha M(~U;), and the more likely tha ~U; will be
rejectedN that is, U; accepted. That is, the highe theinformationd value of U;, thenN ceteris
paribusN the more likely it is to be accepted.
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Similarly, On the othe hand, for afixed Cont(U;) and g, the highe p(U;), thelower p(~U;) =
1-p(U;). Thismeanstha it is more likely tha p(~U;) will belower than gM(~U;); tha is, ~U;
will beregected, or U; accepted. The more probable U;, the more likely it is (ceteris paribus)
to be accepted.

Now, wha is g? This dependson the agent and the situaion. For a fixed p and M fundions
thehighe qis, themore options are rejected, and the smaller (and more specific) the number
of remaining options The agent is therefore bolde in accepting the risk of error for
information. Thelower g is, theless optionsare rgected, and thelarger (and less specific) the
number of remaining options

Thereisno a priori reason to fix g at a specific number. However, as Levi shows, q should
never be 0 (let donebdow), since this would mean the agent might hesitate and not accept
optionseven if they carry norisk of error (e.g., they have probability =1). And g should never
be 1 (or above, since tha would mean the agent might accept to thar bdiefs options tha
carry arisk of error for sure (e.g., have probability = 0).

In the infinite case, as in here, onecannot use the probability fundionsthemselves, since for
every basic option Uj, p(U;) = M(U;) = 0, and therefore for every g the inequdity does not
hold (it is 0<0). The natura extrapolation (see also Levi, 198Q esp. 5.10, 5.11) is, in this case,
to consder thedensity fundions to rgject U; for 1' j* 6 if and only if f(j)<gm(j), that is, if and
only if f(j)<0.2q.

This means tha, for a specific q and f, there is a Qutoff point (o, where f(E(Xn)-(0) =
f(E(Xn)+(0) = 0.2q; John should rejects the tails re the value of f is bdow 0.2q, that is, the
agent addstheinformation that the value of E(X) is between E(X,)-! o to E(Xn)+! 0 t0 Komn,to-

THE DECISION PROBLEM, STAGE 2: E-ADMISSIBLITY AND SUSPENDING
JUDGMENT

Things however are not that simple, for two reasons first, John has more than one possible
dengty fundion, and they do not always give the same recommendaion. Second, once it is
decided by John wha he should add to his bdief given a specific dendty fundion, the
guestionis: which oneof tho to actudly recommend?

An option tha is recommendal by a specific probability fundion the agent consders
legitimate is called by Levi an E-admissible option. In this case, the set of E-admissible
optionsfor Johnare:

{Addto Ko that (E(Xn)-((f)" E(X)" E(Xn)+((f)| for every f* Quonno, ((f)=qer distance from
E(X,) where f(((f))=0.2q}

It is easy to see tha this set is a set of stronge and stronge options depending on wha the
variance of the allowable dengty fundionis, since the set of densty fundionsis the nommal
dengty fundionswith mean E(X ) and standad deviation from 0 to 5/* n, as said above. This
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means tha if f is a Gpread outOfundion (with a relatively high variance), ((f) is relatively
large and John only accepts, given that f, tha the true value of E(X) is between relatively far
apart E(X,)-((f) and E(X,)+((). if f is a @onaentratedOfundion (with alow variance), ((f) is
correspondingly smaller and John accepts a stronge claimN that the real value of E(X) is
within a narrower range

So much for the E-admissible options Which one to choo®? Levi suggests (Levi, 1980)a
rulefor ties:

Rule for ties: If an agent has two E-admissible options E; and Ez, and it is reasonable to
suspend judgmrent between them (accept E1( E2)N tha is, in paticular, that E1( E; isitself E-
admissibleN then oneshould choos the E-admissible E1( E, over either the E-admissible E;
or theE-admissible E.

In this case, al the possible optionsare arranged by logical strength from the weakest (accept
only tha E(X) is beween E(X.)-( to E(X,)+( when ( is when the dendty fundion
N(E(Xn,5/*Nn)=0.2q) to the strongest (accept tha E(X,)=E(X) exactly; tha is, to consder the
limit case where the nomal distribution has variance 0). Of any two options oneimplies the
other, so that thar digundionis simply theweaker option. Therule for tie tells usto take the
total digundionN in this case, theweakest possibility. So, in sum, Johnaccepts that:

John@ Acceptance, stage 1: Adds to Ko the fact that E(X,) is between E(X,)-( and
E(X,)+( when ( iswhen thedengty fundion N(E(X »,5/* n)=0.2q.

THE DECISION PROBLEM, STAGE 3: ITERATION

However, we are still not done Now tha John accepted certain claims to be true, says Levi,
Johnneeds to iterate theindudive inference. Johné new K, Kgm,, is the dedudive closure
of Kynngo and the disundion ( xjgxn)-(o x xxny+0(E(X)=xQ. Or, in Levi@ symbolism, John
expandel his corpus to a larger one holding more bdiefs. In Levi@® symbolism, if Hy = go
( xjexn)-(o x Eexmy+(0(AE(X)=xQ:

— +
Konnt = Kgohnto Hi-

John® probability fundions in Qunntw, aAso change also change they are now the set of
conditional probabilities, given tha John added the digundion that E(X) is between E(X)-(
and E(X,)+( to his bdiefs. (Levi calls this the conditionalization commitment. See Levi,
1980) That is, John®new probability fundionsat timet, is:
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Quonntr = {pl P(X) = q(x|H1), for every q" Quonno}

The informationd value fundion also changes. It becomes determined by the conditiond,
new M-fundion, which is 0 outside [E(X1)-(0, E(Xn)+(0] and 1/2(, inddethisinterval.

John now has a stage 2 decision problem: which, if any, of the options Uy= GE(X)=xQ for
X" [E(Xn)-(0, E(Xn)+( 0], with these new probability and content fundions should hergject?

As before, onedoes the calculationsand sees that oneshould reject just those U, @ where the
weakest conditiond dendty fundion, N(E(Xn), 5/n) given tha x is between E(Xn)-( and
E(Xn)+(, ishbdow gm(xX)N tha is, q(1/2(o).

Possibly some more hypotheses will get rejected. If there are some, then John needs to yet
agan add more information to his bdiefsN add to K jmu the fact that E(X) is not farther
away from E(X,) thant some (@ (0<(&<(). Then, John needs once more iterateN

conditiondize Qxnnt2 based on Qxnni given the new rgjections make M defined by the new
m+1/2(§ and so on.

This process continues inddinitely. John solves a series of decision problems given K jonn, 1o,
K somn, 12, Ko, 12, E €ach saying that E(X) is at mog (, (Q (G) (ADE away from E(X,), with
the conditiond Qomn, 10, Quon, 11, Quomniz, E, €ach based on the previous one and the new
information added, with the new m dendty fundion being 1/5 (the origind oné), 1/2(, 1/2(Q
1/2(@1/2(@E, etc.

It can be shown tha eventudIN and perhaps even the first timeN John will reach a certain
K s+, Quohnr, With the strongest claim in K o+ being that E(X) isa most 0<(” away from
E(X,), mbeing 1/2(", where the recommendaion is not to reject any more hypotheses. John,
asit were, rgjected al thehe could reasonably reject.

JOHNG FINAL DECISION
Thefind recommendaionN thestrongestN is:

John@3 Acceptance, stage 1: Addsto Kynnio the fact tha E(X,) is between E(Xn)-(" and
E(Xn)+( when 0<( ' (, ( being the value where John® origind density fundion, the
(unconditiond) N(E(X),5/*n)=0.2q.

DISCUSSION
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Theresult of theindudive decision problem is Qohn®acceptanceQ above That is, indudion
recommendsthat John, in this situaion, and for a given n and q, accept that E(X) isin the
rangedescribed by Qohn®Find DecisonO

In practice, this meanstwo things

1) Unless g isvery smal, then for any n that is nottoo small (say, n- 30 or so,
or highea, as we assume) the rangetha John accepts as possible value for
E(X) isreatively small, even if oneuses the maximum possible estimation
of X" @ standard deviation, that is, 5/*n.

2) If one uses the standad estimation of X ,& standad deviation (the
standad error), then (, even after only oneiteration, will be even smaller,
since the weakest (mog spread out) densty fundion John consdersin the
first case will be N(E(X,), §*n), with s the standad error, not N(EX,,),
5/*n), and s<5N and thus N(E(X,), s/* n) would reach 0.2q faster (closer to
E(Xn).

3) Successive iterationsof the decision problem might lead the agent to reject
even more hypoh@, eventugly settling on the clam tha E(X) is in
[E(Xn)-(, E(Xn)+( ], with O<("" (.

(2) and (3), in this case, are Amog unneessary, however. For areasonably largenN onelarge
enough to use the nomal approximation for X N even doing only one iteration of the
decision process and usng the maximal possible size of X .3 standad deviation would
usudly significantly limit wha is accepted.

In short, So when onehas atype 1 generator, John can tell, pretty quickly, quite a bit about
the value of the generator@® moment, E(X). Johnis judified in indudively accepting that it is
within arange (, tha is small to begin with in most circumstances (as 1 abovesays) and gets
smaller quickly asthe number of observationsincreases.

Note, also, an important point. First, obvioudy information about the previous outcomes of
the generator is essential for the agent to reach the conduson. But the law of gtatistics could
only be used because we have backgroundinformation about the type of generator we have
hereN a Gvell-behavedOone

TYPE 2 GENERATORSNORMAL DISTRIBUTION

BACKGROUND INFORMATION

Type 2 genegrators are similar to type 1 generators, as we shall see, with a few difference.
Agan, to fix the discussion, let us presume tha the generator is nomal, with (actud)
moments E(X), Var(X), etc. As before, let us assume tha Johnis trying to estimate the first
moment, or what E(X) is.
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The background information is very similar to the one with the case of the bounde
distribution, of course with the change tha John knows tha the generator is nomal, not
boundd. In particular, John knows tha E(X) and Var(X) are fixed and will remain so in the
future, and the laws of gtatistics. Johnalso knows, dueto these laws, that the (same) estimates
(E(Xn), Var(X,)) are the only ones of the generator@ moments tha do not have a built-in
bias.

When it comes to the data, John knows wha the past outcomes (X, E x,) of the generator
were. As before, let usconsde thefirst moment E(X) and John®estimation of it.

DIFFERENCES FROM BOUNDED DISTRIBUTION—AND WHY IT DOESN’T
MATTER IN THIS CASE

There are two thingstha can ruin it for John. In the bounde case, there were no extreme
events, first, and " x was boundel from abowe by a known quanity. In the nomal case, it
could be that an extreme event would be observed in x1, E x,, and significantly Qhrow offO
E(Xy). Or, if #x is extremely large, it might take a very large n to get E(X,) to convegeto
E(X). In both cases, even for alargen, E(X,) could still besignificantly different from E(X).

Congder, however, wha we are trying to achieve in thefirst place. We are not claiming tha
all Quell behavedOgeneratorsN e.g., al nomal distributionsN can be easily Qvorked onGOin
practice, no matter what thar properties or wha the outcomes in the past happened to be If
the nomal distribution has a very large variance, it will indeed take a lot of time for tha
patern to emerge If an extreme 10-# event disin fact occur, the estimate E(X,,) will be off
fromE(X) for awhile.

But such occurrences are observable: Johnwill see them occurring in the outcomes, and know
to be care in reaching condusons about the future. Our problem is not with the tadO
generators (large #x) or adOoutcomes (10-# events) that wear ther (badnessOon thar

deeves, tha is, in the outcomes already observed. We are concerned here with exactly the
opposte: wha we can say about a generator when it is assumed that the outcomes do look

good\l that is, when #x is small and no extreme events occured in the past.

So we can assume that the outcomes do ook goodO that #x is relatively small and tha no
10-# events occurred. We want to know: given these outcomes, what can the agent deduce, if
anything, aboutthe qualities of the generator? In this case, quite alot.

As above therandomvariable X, behaves nomally, with randomvariable X = 1 = ger (& j=1
tonX.i )N behaves roughly like a nomal variable (dueto the central limit theorem) with mean
E(X) and standad deviation of #x/*n. We do not know what #yx itself is, of course (the
generator@ moments are hidden from us) butwe can estimate it, Since onecan estimate #x. by
usng s = s (&j- mn(xJ E(Xn))zl(n 1)], the sample@ standard error. This meansthat we can
assume (presuming, agan, tha n is Qarge enouglOas above that the dendty fundionof X,
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is N(E(X), sar(&j=1 o n(x,--E(Xn))Z/(n-l)]/* n). This is a Norma distribution tha, as n
increases, becomes more and more GentralizedOsince its#! 0 asfast as 1/4n.

In this case, then, Johnhas oneprobability fundion that determines how probable it istha the
actud E(X) iswithin a certain range of the observed E(X):

John@density fundion, f: N(E.(X), sqr[(Yj=1 to n(x;~E(Xx))2/(n-1)]/An).

(Of course, we could have used this technique to minimize the set of allowable probability
fundionsin theboundel case, aswell. But we ddiberately did not, to showthat even if we do
alow many probability fundionstha create a Qvorst-case scenarioOin the bounde situation,
John can still tell us much about the generator@ moments. It also gave us a way to illugrate
therule for ties and E-admissability and to theiteration process, which will beimportant later
on)

INFORMATIONAL VALUE: SOME COMPLICATIONS

Assigning an M-fundion (and therefore an informationd value fundion) is a bit more
complicated this time. M@ dendty fundion canna be the congant fundion m whose integral
over the possible rangeN (-. , +. )N is equdly to 1, since there is no such fundion (the
integral is 0 for m+0 and diverges otherwise). There is, smply put, no way for an agent to
assgn Qequd informationd valueO to E(X)=xO for every x' and ill have the
informationd valuebe based on a probability fundion.

What, then, should M be? There are several possibilities. Theonewe useN dueto our concern
with Gextreme eventsON is as follows. Consider some large Lo, and the range [E(Xn)-Lo,

E(Xn)+Lo]. Thereis an infinite number of hypoteses of the value of E(X) within this range
(namely, Uy=g¢s EX)=xO for every X' [E(Xn)-Lo, E(Xn)+Lo], and two additiond
hypohesis: U =gt E(X)<E(X)-LoQ and U =gt TE(X1)+Lo<E(X)O The M-fundion that
determines the content fundion will give both of these hytpotheses some the hypotesis U”

some probability, p~ and p*; we can assume they are the same, po.

We can be careful and assume that, first, Lo is large (relative to the standad error of the
sample, 9N say, 10sin length; the reason is that we want these hypotheses to represent
extreme possible values of E(X). We also assume that U~ and U™ are very informativeN tha
is, tha po isvery small. Within [E(X)-Lo, E(X)+Lo], we assume tha M is deermined by
theusud, fixed densty fundion m; only thistimeitsintegral of the 2L, integral isn®1, but 1-
spo. So John@M-fundionis defined as:
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M(U™) =M(U") = po; m+(1-2po)/2Lo over therange[E(Xn)-Lo, E(Xn)+Lo].

THE DECISION PROBLEM

Asuaua, the agent should reject an hypothesis U if andonly if p(U)<gM(U)N or, in the case
of point hypoteses, use the dendty fundions of p and M, repsectively: regject the hypothesis
U if andonly if f(U)<gm(U). On thisview, we have:

1) Regect U™ if and only if p(U")<gM(U"): rgect U if and only if ,.  gxn)-
Lo[N(En(X), SAM (&j=110n(X;-E(Xn)) */(n-1)]/* n)] dz <qpo.

2) Reject U™ if and only if p(U")<gM(U"): reject U™ if and only if ,exny+Lo to
+. [N(En(X), SA{(&j=110n(Xj-E(Xn)) */(n-1)]/* )] dz <qpo

3) Regect Uy for X" [E(Xn)-Lo, E(Xn)+Lo] if and only if f(Ux)<gm(Uy), tha is, if
and only if the value of the nomal curve, N(Ex(X), sar(&j=1 to n(Xj-E(Xn))*/(n-
11/ n)]<a(1-2po)/2Lo.

Let us consde the possibilities. Suppo® as above tha Lo is large and tha po is small.
Neverthdess, unless po or q are very small indeed, the, .. o gxxn)-Lo[N(En(X), SO (&j=1 t0 n(Xj-
E(Xn))?/(n-1)]/* n)]dzis going to befar smaller than poq, since it is the Qail endCof anomal
digtribution that is many standard deviationsaway from the mean. So both U™ and U™ will be
rejected.

Now consde the middle case (3). Wha we have hereis precisely the same situaion asin the
oundelOcaseN with the small difference tha the m-fundion is somewha smaller than the
m-fundion in the bounde case over the same range since nH(1-spo)/2Lo and not simply
1/2Lo, for m mug accountfor the possibility of U~ and U”.

We know how to solve this problem. In fact, it is even easier, since we have a fixed
probability fundion and not a set of such funadions. Following the exact same steps as in the
boundel case, we get that, after thefirst iteration:

John@ first step: John should reject U, rgject U™, and those hypoheses GE(X)=xQin the
range[E(Xn)-Lo, E(Xn)+Lo] such that f(x)<gm(x), or N(E,(X), §/* n)<q(1-2po)/2Lo, Wwhen s
is the standad error, that is, sq{(&ij=1 o n(Xj-E(Xn))?/(n-1)]. In other words John should
accept into Kyonn, 10 the claim that E(X)! [E(X,)-!, E(Xn)+!], when ! is where the dendty
fundion N(En(X), s/#n)=q(1-2po)/2Lo.
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Asbefore, even in thisfirst step, if nislargeenoughfor X, to use thenomal approximation
in thefirst place, ( will besmall. And, in addition, for the same reasons as above it might be
tha further iterationswill allow Johnto reject even more hypoteses, and accept:

John@ Final Inductive Conclusion: John should accept that E(X)! [E(Xn)-!", E(Xn)+! '],
when 0<!"$!, | being the value where the (original) densty fundion of the probabiities,
N(En(X), /#n)=q(1-2po)/2Lo.

We see, then, tha even if the generator is unbownded, John can usually justifiably condude
thatits E(X) iswithin a narrow range aslongasthe nunber of observationsis large enough
to apply the usual laws of statistics (e.g., the assumption that X , is normal). The mere fact
tha the generator@ moment E(X) could be any value, induding a very large one does not
require John to take tha possibility serioudy. And the same, as before, holds mutatis
mutandis for highe-level moments of the generator.

TYPE #3 GENERATORS - PART 1.

The problem is tha in mog cases, the agent does not know tha the generator is of typel or
type Il. The agent so assumes, but for no better reason than the fact that it is easy to reach
seemingly GexactOresults with such an assumption.

Suppo®, for example, that so far the daily changein a stock@ price have been limited to the
rangebetween 0 and 10 points. Isthere any reason to sugpect tha it will nat move 1000points
oneway or the other in the future? If we knew the generator tha was produdng the stock®
movements was nommal, perhgps But often we do notknow it.

Suppoe that an angd told us Qhe phenomenayou are observing is generated by a generator
of type#3. It is a combination of a QegularONormal distribution and a Normal distribution
tha gives usvery largeresults with very low probabilities. | will nottell you wha the mean,
variance, or othe moments of this generator are, however. You will have to figure them out
from the daa.OWhat could we say about the mean, variance, and highe moments of this
geneator by looking at the daa? Very little indeed P at least as long as no catastrophic
nlack swanQevent hadin fact occurred.

Thereason is tha in the case of such a distribution, mos of the value of the moments comes
from the rare and improbable black swanOevents tha are due to the extreme Normal
distribution, and not the regular and non-catastrophic events tha are due to the Normal
distribution. Aslongas no such catastrophic events occurs, we only know a QhegativeOpoint:
tha the observed moments E(X,), Var(X,), etc. are not close to the actud moments E(X),
Var(X), etc. But tha is al we know, no matter how much (non-catagrophic) data we hawe.
We cannotsay anything aboutwha the size of thedifference is until we actudly observe such
catastrophic events.
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Let us put this in more formal epistemic form. Again, let us presume tha John wishes to
evauae wha E(X) is. And, once more, consgder wha Johnknows.

From the backgroundinformation, John knows what the outcome of the generator so far has
been. Johnaso knows the laws of statistics. Furthermore, Johnknows tha the generator is of
theform X = (1-p)XBGpXQ where E(XJ<<E(XQ and p<<1. But Johndoes not know wha p
is, orwha E(XQ, E(XQ are.

In addition, John knows tha no extreme events occurred. That is, John knows that all the
outcomes so far have been from XO Can John estimate E(X)?

The answer is negdive. To estimate E(X), the agent needs to do two things 1) estimate p,
given that no events from XOoccurred, and 2) estimate E(XQ. While p can be estimated, in
fact, the fact that we have no information about about E(XQ precludes more ddiberate
information.

How does John estimate p? Let us ignore the vaues of the outcomes and consider a
smplification: the outcome is either dueto generator XO(with probability 1-p) or due to
generator XO(with probability p). To hdp out John, and simplify the calculation we will
assume tha he knows (by psychic means perhaps whether an outcome is from XCor XO The
guestionis: wha isp?

STEP 1: EVALUATING p

John, here, has an obvious set of options (p from 0 to 1), with an obvious M-fundion
(namely, m+1). John has a set of outcomes of length n which we know produces the p event
exactly 0 times. For every p, this meanstha the probability of this occurringis (1-p)".

Now, when do we reject an hypohesis? We reject the hypothesis Uy (b = xO if and only if
a(Ux)<gM(Uy), or, in this case, (1-x)"<q; tha is, Johnwill fail to reject only such x3 such
that (1-x)"/ g, or tha 1-x/ g™, or -x/ qV"-1, or x' 1-g*". That is, Johnaccepts that therea pis
in therange (0,1-g""]; as n increases, and g*"!' 1 (since 0<q<1), this range becomes smaller
and smaller.

STEP 2: EVALUATING E(X”)

So far so good.However, John hasno information at all aboutE(X0), and therefore cannot
limit E(X) in anyway, even with thisinformation aboutp.

The problem is this. Condde evaluaing E(XO given the outcomes, E(X,)N or, more
precisely, E(X,0. First, what are the optionsJohnhas? Johnis interested in is as before. John
isinterested in whether or notthe real E(X) (=(1-p)E(XQ+ pE(X)) is close, or not close, to the
observed E(X,,) (=E(XQ)). This meansthat John can use the same options as before: namely,
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for a given Lo which is large in relation to the standad error of the sample, Johnhas U™ =
EXQ<E(Xn)-LoQ U" = EXOQ>E(Xn)+LoQ and Uy = EXQ = xO for E(Xp)-
Lo' X' E(Xp)+Lo.

Johnisinterested in is as before. Johnis interested in whether or not thereal E(XO) is clos,
or not clos, to the observed E(X,). This meanstha John can use the same optionsas before:
namely, for agiven Lo which islargein relation to the standad error of the sample, Johnhas
U = EMX)<E(Xn)-LoQ U = have M(U") = M(U") = po; m+(1-2po)/2L, over therange
[E(Xn)-Lo, E(Xn)+Lo].

Congder, however, wha the allowable probability fundionsabout E(X) beng in any range
are. But John has no daa at allN no observationdN about XQ only about XO So there is no
way to evaluate E(XQ. To putit differently, since there are no observations any probability
dendty fundion from-. to+. isin John® Quno. This, of course, is always the case when
onehas literaly no obervationsof the parameter.

Congder now the situaion. For any given dendty fundion f, Uy in [E(Xn)-Lo, E(Xn)+L o]
will bergjected if and only if the densty fundion f(x)<q(1-2po)/2Lo; for U~ and U™, if and
only if .- 1o gxn)-Lof(z2)dz<gpo Or ,gxn)+Loto + f(Z)dz<qpo, respectively.

But since all probability fundions all f@, that is, are allowed, for every oneof the hypoheses,
U™ and U” induded, there are some probability fundions tha recommend rejecting it and
some that recommend accepting it. In particular, there is always some probability fundions
(for example, f+the M-fundionitself!) that will recommend rejecting no hypotesis.

What to do?We can use Levi® rule of ties. Since every possible strategy from rejecting no
hypothesis to regecting all but one(it isimpossible to reject al of them, as seen above, since
tha means adding an inconsistency to K ynnto, Which is never recommended, see Levi, 1980
about Qidiberate indudive inferenceQ Ch. 5), that is, they are all E-admissible, the rule of
ties recommends usng the disundion of al of themN the hypothesis Ggject nothingdN as
long as it is QeasonableO(e.g., itself at least E-admissible.) This is the case, as weQe judt
seen.

Findly, there is the case of iteration. But in this case, since nothing is rejected, there is no
iterationN thefirst action (Gadd nothingQ is thefind onethat is recommended to John. There
isnoreason to conditiondize the probability fundionsor M, since nothing is added to K sonn 0
in thefirst place.

So therecommended strategy is:

John® Recommended Inductive Inference for E(XO} Remain in complete suspense about
E(XQ; accept nothing stronge than GE(XQ" O
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STEP 3: EVALUATING E(X) = (1-p)E(X*)+pE(X”)

Now Johnisfindly ready to evalute E(X) itself. Could, perhaps thefact that at least p can be
boundel by the agent be of use? The answer is negative. For if there is no information at all
aboutE(XQ, then there is similarly noinformation about (1-p) E(X Q+pE(X Q.

Thereason is tha the evaluaing of E(XQ is undaundelN it can be anything as far as Johnis
concernedN so that the fact that it is multiplied by a smal p is of no consquence. John
cannotexcludethe possibility that E(X$=1,000000p, or 10'®p, for tha matter.

To put it somewha more formally, consgder any probability fundion g which suppogdly
gives usthedédinition of how E(X) = (1 p)E(XG+pE(XQ isdistributed around . It iseasy to
find some other probability fundion, gQ such tha if gOis thedistribution of E(XQ in , then
g istha of E(X). Thefact tha p is small doesn®mean that E(X) mugt besmall; if g (say) says
tha the likelihood of the average of E(X) is distributed around 1,000000Q jug choos a gO
where thelikelihoodis that E(XQ is distributed around1,000,0005.

So John®possible fundionsfor the likelihoodof E(X) beng anywherein  is il all of the
possib le probabiity fundions Andfor the same reasonsas above

John® Recommended Inductive Inference for E(X): Remain in complete sugpense about
E(X); accept nothing stronge than E(X)" O

In conduson: even if we know that a certain generator is a type 3 distribution, before a
catastrophic event occurs we cannot say anything about the difference between the observed
E(X,) and E(X), the observed Var(X,) and Var(X), or any other observed moment and the
QealOone Before such an event occurs, extrapdating from past daa to future behavior of
such a system isworthless.

Here we see tha the mathematical information is necessary for reaching the epistemological
conduson. To condudethat the future is like the past we must know tha the mathematical
equdity E(X)~E(X,) (and the same with other moments) will hold. If we know that this
mathematical relations does not hold, then naurally we cannot make any epistemological
conduson aboutthefuture based onthepast in that case.

TYPE #4 GENERATORS - PART 1

Thingsare even worse with type 4 generators, for obviousreasons If an angd tells ustha a
certain generator is atype 4 one(Pareto-L Ary-Manddbrot), we know that no relation between
the observed moments E(X,,), Var(X,), etc. and the @eal Omoments of the generator exist B
for thevery goodreason tha there are no such moments.
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TYPE #3 AND #4 GENERATORS - PART 2

But thingsare even worse than that. We have jug seen tha if we know that the generator is of
type 1 or type 2, we can rely on the observed moments to be close to the @eal Omoments. We
also showed tha if we know tha the geneator is of type 3 or type 4, the observed moments
(at least before a catastrophic nlack swanOevent occurs) are worthless in finding the values
of therea moments.

But al these scenarios assume tha we know what type the generator is. Suppoe we don®
know what it is, and want to see if the data helps us figure this out? In tha case, the
mathematical equdity between the oberved and actud moments, even if it hdds (even if the
gengator, tha is, is in fact of type #1 or #2), might not be enough to reach any
epistemological condusons about the similarity of the past to the future. The mathematical
equdity is necessary, but not sufficient.

Congder thefollowing situaion. Suppo® an angel tells you that a certain generator is either
type 2 (Normal) or type 3 distribution (a mixed combinaion of Normal and Poisson).
Condder the data x1, X2, E X,. As long as no catastrophic QPoisson eventOhad actudly
occurred, the data would be indistinguishable between type 2 and type 3 generators, since all
the outcomes of the type 3 generator would still be due to the QNormaO pat of its
distribution. We will not be able to tell dueto anything in the daa whether it is oneor the
other.

More gengdly, suppo® tha an angd tells us tha a certain outcome might be due to a
geneator of type 3 or 4, aswell asatypel or 2 genegators. Does any amount of daa tell us
anything about whether or notthis is true, before a black swanOevent happens? No, since
until alow-probability catastropheactudly occurs, if the generator isin fact of type 3 or 4, the
datawould look indistinguishable from tha of a generator of type 1 or 2, as weve jus seen.

So if we dor® knowthat the generator is nottype 3 or 4, then our daa is jus asworthlessin
assessing the future behavior of the generator as if we knew that it istype 3 or 4. Thisis not
because E(X,), Var(X,) and so on mug be far from the Qe OE(X), Var(X), etc. (if they
exist), but because we can never tell from the daa whether they are or not before a
catastrophehappens And if we don® know the moments, ipo facto we dond know anything
about the probabilities of the generator@ outcomes, which depend for their calculation on
these moments. We cannot tell anything aboutthe risk of any future outcome. We arein a
situaion of decison making unde uncertainty.

In summary, for the epistemic indudive inference from the past outcomes to the future ones
to beworthless, we need not knowtha the generator is of the QlangaousOtype it need not be
the case tha E(X)%&(X,) (or the same for the other moments). It is enoughnot to know that
itisnotof tha type In such asituaion, alack swanOcould surprise it at any moment Band
we wouldn® be able to tell whether it would happen or not untl after the fact. The
mathematical equdity E(X)=E(X,) is of no use to usif we cannot know in advance tha it
holdsbefore a catastrophic event occurs.

34



COULD SUCH GENERATORS EXIST?

This entire discussion would have remained completely theoretical if it was not the case that
the situaionsrisk managers deal with could involve the badOtypes of the generators D that
is, unless epistemic assumption #4 aboveholds

We have seen abovetha many economists dismiss the possibility of assumption #4.we claim
tha, unfortunaely, in economica situaions generators of this type can occur. Physcal
systems (as Manddbrot saysN add references) must be of the enignOtype Btype 1 or 2, or,
more specifically, of type 1 (a oundelOgenerator). Thelaws of physcs boundtheir values
b specifically, the amount of energy in the system, the entropy of the system, and othe such
physca characteristics cannot move beyond a certain range (add other references except for
Manddbrot, e.g., his sources.).

Soda systems, as well, are boundel. If nothing else, there is a lower boundfor the Qvorse
possible outcomeOD namely, death. This is not because nothing can be worse from the
individud® point of view than his or her own death, but because one can (almog?) always
avoid such circumstances by choosng suicide ingead. (Is this the case??? Perhaps erase
this??? Wha about Onfinite badnessOlike Hobbes bdieved 72?)

In phydcal and sodal systems, therefore, it is often the case tha we can tell in advance, dueto
externd, purely dedudive reasons tha the QyeneratorO must be boundel and therefore
(relatively) benign; we can therefore use the past data for indudive inference aboutthefuture,
as we seen above

In many finandal systems, however, this is not the case (references?). There are potential
eventsin many such systems tha would cause losses (or gang) that are, in theory, unbounde.
To convince oneself of this, oneneed only look at asimple ption® the possibility exists of
losng an infinite amount of money combined with the fact that such probability may remain
unknown by us (References.)

Thisisnotto say, of course, that desth is somehow (hetterOthan losing a lot of money, or that
ganing or logng an infinite (or very, very, large) amount of money is physcally possible.
Thepoint s, rather, tha in the case of a physical system oneknows that one can describe the
system with a boundel (or, at worse, a compact-suppoted) geneator, while if we look at a
finanda system this cannot be promised. (Remove this paragraph, pehgs? Or give more
references?)
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THE RECOMMENDED STRATEGY IN SUCH SITUATIONS, AND “LONG-TERM
CAPITAL” REVISITED

Theconduson of this epistemologica excursionis asfollows: in such situtions we arein an
essentially QunaertainOsituation.

If we mug make decisionsin such a situdion, our best bet is to use a strategy suited to
QuneertaintyQ Minmax (or similar strategies) will not work, because of unboundéness.
(references to the strategies of uncertaintyN perhgps agan? GForcingOonesalf to use a
specific probability valuewill lead to grief: it is useless to protect oneself againg therisk of a
certain outcomes when youreally have noreasonto give it any specific probability.

Note in particular tha the well-known device of taking Gafety marginsgO will not work.
Suppo® tha oneis willing to take a onein-amillion risk of bankruptcy, but B in order to
hedgedone3 bets Donly makes trades tha (according to his or her caculationg have a one
in-atrillion chance of gaing so badly as to lead into bankruptcy. Will taking such a ludicrous
Gafety marginOP a factor of 1,000000 B help the risk manager avoid bankruptcy in such
stuaions?

Theanswer isno. Taking such Gafety measuresOis areasonable device if one knows that the
generator if of oneof the enignGtypes, e.g. type 1 or 2, and therefore oneknows that oneis
judified in making assumptions about the probabilities of events hgopening in the future
usng the observed parameters as approximationsfor the actud parameters of the geneator,
but might not be completely sure aboutthe exact values the parameters should have. In other
work, this would work in cases where oneknows onecan safely describe the situation as one
of decision making unde risk, althoughoneis notsure exactly what risk.

In asituaion where the generator might be of type 3 or 4, however, onedoesn®simply have a
vagueidea of what therisk is; onehas no idea what it is, and cannotassign any value to it.
Taking only Qrillionto-10bes agang bankruptcy is worthless in such a situation since the
assessment of therisk of a certain trade astrillionto-1 isworthlessin the first place. Thereis
no GhereQthere: thecalculated Onillion to onesafety marginOdoesn® correspondto anything
in reality. (Add something or is this enough?

We have no real base to give credence to this estimation; the relaxing number Gatrillionto 10
has only psychological significance in such a situation D as the occurrence of the OmpossibleO
10-%event in the case of Q.ong Term CapitalOshows. It is not as if a 10-%event actudly
occurred. Rather, thebdief tha it is a 10-%event was based on the unjudified concluson tha
thegenerator involved is of the benigntypein thefirst place.

Therefore, the risk manages did not consde the possibility of the generator beng of the
third or fourth type where events tha would be 10-% events if the generator were of the
benigntype actudly occur far more frequently.

Our only recourse in such situaionsis Poppe® solution: to wait for the lack swanQ and
make sure tha we are not destroyed by it. (Add more about Poppe hereN the falsification
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requirement. | am not sure tha this is realy our nly recourseQ Again, look at strategies
unde uncertainty for detailN P.)

SUMMARY

In this chgpter, we have tried to show the essential problem of risk management is forcing
situaions of decison making unde uncertainty into the straightjacket of decision making
unde risk.

We showed thisin afew steps :

First, we showed that certain randomgenerators have a GadOrelation between their observed
moments and thar actud moments. Thisisapuredy mathematical issue

Second, we have shown if one&3 background information satisfies certain conditions then if
such generators are not ruled out, the mere posibility that they are the generator one is
dealing with sabotages any attempt to assign specific values to the @eal O moments of the
generator, dueto the black swanOproblem D the possibility of rare extreme events which
have alargeinfluence onthemoments. Thisis an epistemological issue

Third, thisforcesus This forcesusto condudewe are in asituaion of decison making unde
uncertainty. Thisisadecison-theoretic matter.

Fourth, we showed tha, in fact, the situaion risk managers deal with are precisely those
where such generators cannot be ruled out This is a scientific issue it has to do with the
different nature of phydcal and econonic systems.

Fifth closely related to the third issue, we showed that common GavoidanceOprocedures B
taking only wha seems like Qrery lowOrisks Bwill notwork, since the implicitly assume the
situation is one of decison making unde risk in the first place. Even QusudlyOprocedures
for decisom making unde uncertainty ©® minmax, minamx regret, etc. Bwill not work, since
the adOgenerators are notbound.

Findly, we show tha in such situaion, the only thing we can do is protect ourselves agang
the black swan Band recognize that we may not know much about it. This is the (type of
strategy) strategy, which is applicable to this sigtuation.
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