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I. INTRODUCTION

You observe data and get some confidence that the average
is represented by the sample thanks to a standard metrified "n".
Now what if the data were fat tailed? How much more do you
need? What if the model were uncertain —we had uncertainty
about the parameters or the probability distribution itself? Let
us call "sample equivalence" the sample size that is needed to
correspond to a Gaussian sample size of n.

It appears that 1) the statistical literature has been silent on
the subject of sample equivalence —since the sample mean is
not a good estimator under fat tailed distributions, 2) errors in
the estimation of the mean can be several order of magnitudes
higher than under corresponding thin tails, 3) many operators
writing "scientific" papers aren’t aware of it (which includes
many statisticians), 4) model error compounds the issue.

We show that fitting tail exponents via ML methods have a
small error in delivering the mean.

Main Technical Results In addition to the qualitative
discussions about commonly made errors in violating
the sample equivalence, the technical contribution is as
follows:

« explicit extractions of partial expectations for alpha
stable distributions

« the expression of how uncertainty about parameters
(quantified in terms of parameter volatility) trans-
lates into a larger (or smaller) required n. In other
words, the effect of model uncertainty, how the
degree of model uncertainty worsens inference, in
a quantifiable way.

II. SUMMARY OF THE FIRST RESULT

The first discussion examines the issue of "sample equiva-
lence" without any model uncertainty.

A. The problem

Let us summarize the standard convergence theorem. By
the weak law of large numbers, a sum of random variables
X1,..., X, with finite mean m, that is E(X) < oo, then
I3 <i<n Xi converges to m in probability, as n — oco. Or,
for any € > 0 lim,,_, IP’( | X, —m|> e) = 0. In other words:
the sample mean will end up converging to the true mean,
should the latter exist.

But the result holds at infinity, while we live with finite n.
There are several regimes of convergene.

o Case la when the variance and all other moments exist,

and the data is i.i.d., there are two convergence effects at
play, one, convergence to the Gaussian (by central limit),
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Fig. 1: How thin tails (Gaussian) and fat tails (1< a <2)
converge to the mean.

the second, the l.l.n., which accelerates the convergence.
Some subcategories with higher kurtosis than the Gaus-
sian, such as regime switching situations, or distributions
entailing Poisson jumps or similar large deviations with
small probability converge more slowly but these are
special cases that we can ignore in this discussion since
Case 2 is vastly more consequential in effect (it requires
an extremely high kurtosis to slow down the central limit).
o Case 1b when the variance exists, but higher moments
don’t, the central limit theorem doesn’t really work in
practice (it is too slow for "real time") and the law of
large numbers works more slowly than Case la, but
works nevertheless. We consider this as "intermediate"
case, more particularly with finite-variance power laws,
those with the tail exponent > 2 (or, more accurately, if
the distribution is two-tailed, the lower of the left or right
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tail exponent equal to or exceeding 2).
o Case 2 when the mean exists, but the variance doesn’t,
the law of large numbers converges very, very slowly.
It is Case 2 that is the main object of this paper. More
particularly cases where the lowest tail exponent 1 < @ < 2.
Of particular relevance is "80/20" where the o ~ 1.16.

B. Discussion of the result about sample equivalence for fat
tails

We assume that Case la converge to a Gaussian, hence
approach the "Gaussian basin" which is the special case of
stable distributions.

Table I shows the equivalence of number of summands
between processes.

TABLE I: Corresponding n,,, or how many for equivalent a-
stable distribution. The Gaussian case is the o = 2. For the
case with equivalent tails to the 80/20 one needs 10'' more
data than the Gaussian.

o N ﬁ *3 ngzil
Symmetric Skewed One-tailed

1 Fughedaboudit - -

g 6.09x10'2  28x10® 1.86x 10

2 574,634 895,952 1.88 x 109

a 5,027 6,002 8,632

3 567 613 737

3 165 171 186

z 75 77 79

s 44 44 44

2 30. 30 30

The "equivalence" is not straightforward.

Exposition of the problem

Let Xo,1,X0,2,- .., Xa,n, be asequence of i.i.d. powerlaw
distributed variables with tail exponent 1 < o < 2 in at least
one of the tails, that is, belonging to the class of distributions
with at least one "power law" tail, that is:

P(|Xa[> |2]) ~ L(z) ||~ (D

where L : [z, 00) — (0,+00) is a slowly varying function,
defined as lim,_, 4 LL’”) =1 for any k > 0.

Let X41,Xg2,.. )E'g n be a sequence of Gaussian vari-
ables with mean u and scale 0. We are looking for values of
n’ corresponding to a given n:

n
= Xai

. —-m
Nmin = INf < ng, 1 E Znip
i=1 @
ng
~ X, m
SE| .2 e > 00 @)
i=1 9

Instability of Mean Deviation and use of L' norm

And since we know that convergence for the Gaussian
1

happens at speed n2 (something we will redo using stable dis-
tributions), we can compare to convergence of other classes.

The idea is to limit convergence to L' norm; we know
clearly that there is no point using the L? norm, and even
when (as in finite variance power laws, there is some con-
vergence in L? (central limit), we ignore such situation
for its difficulties in real time. As to the distribution of
the maximum, that is, L>°, fughedoubadit.
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Fig. 2: The ratio of cumulants 02 for a symmetric powerlaw,

as a function of the tail exponent o.

We are expressing in Equation 2 the expected error (that
is, a risk function) in L' as mean absolute deviation from the
observed average, to accommodate absence of variance —but
assuming of course existence of first moment without which
there is no point discussing averages.

Typically, in statistical inference, one uses standard devia-
tions of the observations to establish the sufficiency of n. But
in fat tailed data standard deviations do not exist, or, worse,
when they exist, as in powerlaw with tail exponent > 3, they
are extremely unstable, particularly in cases where kurtosis is
infinite.

Using mean deviations of the samples (when these exist)
doesn’t accommodate the fact that fat tailed data hide proper-
ties. The "volatility of volatility", or the dispersion around the
mean deviation increases nonlinearly as the tails get fatter. For
instance, a stable distribution with tail exponent at % matched
to exactly the same mean deviation as the Gaussian will deliver
measurements of mean deviation 1.4 times as unstable as the
Gaussian.

Using mean absolute deviation for "volatility", and its mean
deviation "volatility of volatility" expressed in the L' norm,
or Cq and Cy cumulant:

= [l-lh=E(X —ml)

Co = [[(I-1) = E (| X = E(X —m[)])
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We can compare that matching mean deviations does not
go very far matching cumulants.(see Appendix 1)

Further, a sum of Gaussian variables will have its extreme
values distributed as a Gumbel while a sum of fat tailed will
follow a Fréchet distribution regardless of the the number of
summands. The difference is not trivial, as shown in figures ,
as in 10° realizations for an average with 100 summands, we
can be expected observe maxima > 4000 x the average while
for a Gausthsian we can hardly encounter more than > 5 X.

III. GENERALIZING MEAN DEVIATION AS PARTIAL
EXPECTATION

It is unfortunate that even if one matches mean deviations,
the dispersion of the distributions of the mean deviations (and
their skewness) would be such that a "tail" would remain
markedly different in spite of a number of summands that
allows the matching of the first order cumulant ||.||;. So we
can match the special part of the distribution, the expectation
> K or < K, where K can be any arbitrary level.

Let W(t) be the characteristic function of the random
variable. Let 6 be the Heaviside theta function. Since sgn(z) =
20(x) — 1

0o s iK't
WOK (1) = / ¢t (20(z — K) — 1) dz = mt

— 00

And define the partial expectation as E; := [~ 2 dF(z) =
E(X|x>x)P(X > K). The special expectation becomes, by
convoluting the Fourier transforms; where F' is the distribution
function for z:

Ef = —z@ h

K ot | o
Our method allows the computation of a conditional tail or
"CVar" in the language of finance and insurance.

Note a similar approach using the Hilbert Transform for the
absolute value of a Lévy stable r.v., see Hlusel, [1], Pinelis [2].

Mean deviation (under a symmetric distribution with mean
1, ie. P(X > p) = %) becomes a special case of equation 3,

B(X = ul) = (2@ =) dF (@) - [ (z — p) dF(x)) =
E}.

T (t — )T (w)duli—g 3)

IV. CLASS OF STABLE DISTRIBUTIONS

Assume alpha-stable the class & of probability distribution
that is closed under convolution: S(c, 3, uu, o) represents the
stable distribution with tail index « € (0,2], symmetry
parameter S € [0, 1], location parameter 1 € R, and scale
parameter ¢ € R*. The Generalized Central Limit Theorem
gives sequences a,, and b, such that the distribution of the
shifted and rescaled sum Z,, = (3. X; — ay,) /b, of n i.id.
random variates X; the distribution function of which Fx (z)
has asymptotes 1 — cz™ as ¢ — +oo and d(—z)™“ as
r — —oo weakly converges to the stable distribution

S(/\Ot,27 ]]-0<a<22+7;la
We note that the characteristic functions are real for all
symmetric distributions. [We also note that the convergence is

0,1).

not clear across papers [3] but this doesn’t apply to symmetric
distributions.]

Note that the tail exponent « used in non stable cases is
somewhat, but not fully, different for « = 2, the Gaussian
case where it ceases to be a powerlaw —the main difference is
in the asymptotic interpretation. But for convention we retain
the same symbol as it corresponds to tail exponent but use it
differently in more general non-stable power law contexts.

The characteristic function W(t) of a variable X with scale
o will be, using the expression for a > 1, See Zolotarev [4],
Samorodnitsky and Taqqu [5]:

U, = exp (iut — |ta|® (1 —iftan (%) sgn(t)))

which, for an n-summed variable (the equivalent of mixing
with equal weights), becomes:

Wa(t) = exp (it — |n¥to| " (1= iptan (%) sen(t))

A. Results

Let X¢ € &, be the centered variable with a mean of
zero, X® = (Y — u) . We write Ef (o, B, 1,0, K) =
E(X% xe>kx P(X* > K)) under the stable distribution
above. From Equation 3:

E}(avﬁvﬂ/u U7K)
1 [ —
= 2»/ ac® |u|*? (1
71— — 00

+ if tan (E

5 ) sgn(u)) exp (\ua|a (71
—iftan (%) sgn(u)) + iKu) du

“4)

with explicit solution for K = p = 0:

1 1 1/«
Ef(2,8,0,0,0) =~ =T (_a) ((H,ﬂtan &)
1/«
+(1-iptan (T1)) ) _
2
(%)
and semi-explicit generalized form for K # pu:

Ef (o, 8, p, 0, K) (6)

r(e) (1 +iBtan (32)) " + (1 - iBtan (%)) /)
=7 2w
oo ik(K_ﬂ)kF(k+3fl)(ﬁ2tan2 (M)_Fl)l%k
Jr};l 2mok—1k! :

((—1)k <1+i6tan (%))%jL (1—iﬁtan (ﬂ;))kul)

Our formulation in Equation 6 generalizes and simplifies the
commonly used one from Wolfe [6] from which Hardin [7]
got the explicit form, promoted in Samorodnitsky and Taqqu
[5] and Zolotarev [4]:
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1 1 &
E(X|) = ~o <2F (1 - ) (52 tan (@) + 1) ?
s a 2

o (tan‘l (ﬁ;an (’?‘))))

Which allows us to prove the following statements:
1) Relative convergence: The general case with 5 # 0: for
so and so, assuming so and so, (precisions) etc.,

e U M (G C )

+ (1+iftan (W;))i» =

(7

®)
with alternative expression:
—L1/a an ! (tan( Z2 =
, i sec? (Z2) 2/ sec <t (ta (= )))
Ny, = T2—2a po
Vs T (95
©)
Which in the symmetric case S = 0 reduces to:
Ne = r20—a) 1 B (10)
Vg T (95)

2) Speed of convergence: Yk € Nt and « € (1, 2]
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Fig. 3: Asymmetries and Mean Deviation.

Remark 1. The ratio mean deviation of distributions in S is
1 .

homogeneous of degree k1. This is not the case for other

classes "nonstable".

Proof. (Sketch) From the characteristic function of the stable
distribution. Other distributions need to converge to the basin
G. O
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Fig. 4: Mixing distributions: the effect is pronounced at lower
values of «, as tail uncertainty creates more fat-tailedness.

B. Stochastic Alpha or Mixed Samples

Define mixed population X, and £(X,) as the mean
deviation of ...

Proposition 1. For so and so
m
§0Xa) = 3 wie(Xa,)
i=1

where & = Y 1" | wic; and Y w; = 1.

Proof. A sketch for now: Yo € (1,2), where « is the Euler-
Mascheroni constant =~ 0.5772, w(l) the first derivative of the
Poly Gamma function +(x) = I"'[z]/T'[z], and H,, the n"
harmonic number:

0%¢ 20T (a—1\ 1, 1 (a—1
aaz—w( o )” <¢ (a)

+ (—H_é +log(n)+'y> (2a—H_é +10g(n)+7)>

which is positive for values in the specified range, keeping
a < 2 as it would no longer converge to the Stable basin. [J

Which is also negative with respect to alpha as can be
seen in Figure 4. The implication is that one’s sample under-
estimates the required "n". (Commentary).

V. SYMMETRIC NONSTABLE DISTRIBUTIONS IN THE
SUBEXPONENTIAL CLASS

A. Symmetric Mixed Gaussians, Stochastic Mean

While mixing Gaussians the kurtosis rises, which makes
it convenient to simulate fattailedness. But mixing means
has the opposite effect, as if it were more "stabilizing".
We can observe a similar effect of "thin-tailedness" as far
as the m required to match the standard benchmark. The
situation is the result of multimodality, noting that stable
distributions are unimodal (Ibragimov and Chernin) [8] and
infinitely divisible Wolfe [9]. For X; Gaussian with mean g,

2
E = perf (ﬁ) +\/gaefzi7, and keeping the average u+0
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Fig. 5: Different Speed: the fatter tailed processes are not just

more uncertain; they also converge more slowly.

with probability 1/2 each. With the perfectly symmetric case
1 = 0 and sampling with equal probability:

1
§(E+6 + E—(s)

52 52
oe 202 e 202
= ——+ 5erf erf
V2m (\/_ 0> VT
s
I 4 (&)
V20
52 2
o (\/?0'6 202 +5erf(%))
+ NeT exp | — 952
B. Half cubic Student T (Lévy Stable Basin)
Relative convergence:
Theorem 1. For all so and so, (details), etc.
E (‘an X —ma )
1 < E(‘Z" Xo e ) <eco (12)

where:

Cc1 = E_l

-2
o = 27/ 27 1/2 (—F (—i))

Note that because the instability of distribution outside the
basin, they end up converging t0 Shsin(a,2), S0 at k= 2,n =
1, equation 12 becomes an equality and & — oo we satisfy
the equalities in ?? and 11.

Proof. (Sketch)
The characteristic function for o =

Ky (V/31)
Vo (3)

Leading to convoluted density ps for a sum n = 2:

L(5) (5255 -%)

[\CI[9N}

33/8 |t‘3/4

p2(z) =

C. Cubic Student T (Gaussian Basin)

Student T with 3 degrees of freedom (higher exponent
resembles Gaussian). We can get a semi-explicit density for
sums of variables following the Cubic Student T distribution
(tail exponent equals 3).

(z) = i
p = - (m2 I 3)2
we have:
()= Ele"X] = (1+ v3]t])eV? M

hence the n-summed characteristic function is:

p(t) = (1+ V3]t e oI
and the pdf of Y is given by:
L[t
p(z) = 7/ (1+V3t)" _"ftcos(tm) dt
™ Jo

using

Ti+x(1/V1+ s2)k!
(1 + s2)(R+D)/2

oo
/ the=t cos(st) dt =
0

where T, () is the T-Chebyshev polynomial,' the pdf p(x) can

be writen:
—n—1
2 z?

( ) (n +§>
r)=——>

p \/371-

1—k
9 g2\ 2z 1" 1
Xn: (n! (n + ?) ) Thy1 <;;L22 +1>

P (n—k)!

which allows explicit solutions for specific values of n, not
not for the general form:

{En}l <n<oo
~J2v3 3v3 34 T1V3 3138v3 899  710162v3 425331V
| 7 727 9y3r’ 64m ' 3125w ' 324\/3x 8235437 ' 524288

'With thanks to Abe Nassen and Jack D’ Aurizio on Math Stack Exchange.
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Fig. 6: Student T with exponent =3. This applies to the general
class of symmetric power law distributions.
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Fig. 7: Sum of bets converge rapidly to Gaussian bassin but
remain clearly subgaussian for small samples.

VI. ASYMMETRIC NONSTABLE DISTRIBUTIONS IN THE
SUBEXPONETIAL CLASS

A. One-tailed Pareto Distributions
B. The Lognormal and Borderline Subexponential Class

VII. ASYMMETRIC DISTRIBUTIONS IN THE
SUPEREXPONENTIAL CLASS

A. Mixing Gaussian Distributions and Poisson Case
B. Skew Normal Distribution

This is the most untractable case mathematically, apparently
though the most present when we discuss fat tails [10].

C. Super-thin tailed distributions: Subgaussians

Consider a sum of Bernoulli variables X. The average
Y on = D_i<n i follows a Binomial Distribution. Assuming

J— p_j
0.5H >

Betting against the 4 A
0.4 long shot (1/100)

77 P00

Gaussian

[h!] 2 40 60 %
Fig. 8: For asymmetric binary bets, at small values of p,
convergence is slower.

1
100

np € N to simplify:

E(Sa)=~2 ) (¢—np)p’

1<0<np

(s

E ([Za]) = —2(1 = p)" P2 D (np - 2)

((p 1 (npfL 1> M —plnp+2) <np7zr 2> /\2)

where:
Al =2 F1 (1,71(17 - 1)

and

—|—1;np—|—2;L

=

Ay =5 Fy (Zn(P— 1) +2;np—|—3;ppl>
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VIII. ALTERNATIVE METHODS FOR MEAN

We saw that there are two ways to get the mean:

¢ The observed mean from data,
o The observed o from data, with corresponding distribu-
tion of the mean.
We will compare both —in fact there is a very large difference
between the properties of both estimators.
Where L is the lognormal distribution, the idea is

0.2
27

For the most simplified Pareto distribution,

alr {log(ao) -

f(z) =al® "' z€[L,o0)
. . _ aL .
with expectation E(X) = *%. Since

2\ 2
(10(@)-108(a0) + % )
e 252

V2rao

we have z(a) : Rt — R\[0, L); 2 £ 2& with distribution:

fla) =

;o € (0,00)

8c2

Lexp (_ (—2 log(ca)+2 log( e

)+”2)2)
g(z) = ,2 € R\[0, L)

2noz(z — L)
which we can verify as, interestingly ffoo g(z)dz +
[ g9(z)dz = 1. Further, P(Z > 0) = P(Z > L) =

%erfc %) The mean determined by the Hill es-

timator is unbiased since: we can show that

-~ fLoozg(z)dz:L a
a—1

o—0 f;o g(z) dz

The standard deviation of in sample a:

13)
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